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! Abstract. The goal of this paper is to estabhsh the existence of a 

I fohation of the asymptotic region of an asymptotically flat manifold 

CN ■ with nonzero mass by surfaces which are critical points of the Will- 
more functional subject to an area constraint. Equivalently these 

I surfaces are critical points of the Geroch-Hawking mass. Thus our 

' result has applications in the theory of General Relativity. 
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Introduction 

In this paper we study foliations of asymptotically flat manifolds by surfaces 
of Willmore type. This means that we are interested in constructing em- 
bedded spheres E in a three dimensional Riemannian manifold (M, g) which 
satisfy the equation 

-AH - H\A\'^ -^Rc{u, iy)H = XH. (0.1) 



*Partially supported by a PIMS Postdoctoral Fellowship. 

t Partially supported by a Fcodor-Lynen fellowship of the Alexander von Humboldt 
Foundation. 

■I- Partially supported by a Fcodor-Lyncn fellowship of the Alexander von Humboldt 
Foundation. 



1 



Here H is the mean curvature of S, A is the traceless part of the second 
fundamental form A of S in M, that is A = A — ^H'y, and 7 is the induced 
metric on E. Moreover ^Rc is the Ricci curvature of M and A the Laplace- 
Beltrami operator on S. 

Equation (0.1) is the Euler-Lagrange equation of the functional 

W(S) = ^ /" i/M/i (0.2) 

subject to the constraint that |E| be fixed. Then A becomes the Lagrange 
parameter. 

In mathematics this functional is known as the Willmore functional, at least 
in flat space, whereas for curved ambient manifolds the literature [23] also 
considers the functional 



W(S) = ^|ipd/i. 



In fiat space these two functionals only differ by a topological constant. 
However, the second functional is conformally invariant and thus translation 
invariant in all conformally fiat manifolds. Since our model space, the spatial 
Schwarzschild metric = (p^d^^ with (j) = 1 + the Euclidean metric 

and m > a mass parameter, is conformally fiat, we could not hope to find 
unique surfaces minimizing the corresponding constrained problem. 

Furthermore, the functional (0.2) appears naturally in general relativity in 
form of the Hawlcing mass m//(S) of a surface S, defined as 

-^(S) = (16- - 2W(S)) . 

This quantity is used to measure the mass of a region enclosed by S. Due 
to the area constraint, equation (0.1) also appears as the Euler-Lagrange 
equation when maximizing m//(S) subject to fixed area 

Foliations of asymptotically fiat manifolds using constant mean curvature 
surfaces have been considered in [9], [24] and [6]. The uniqueness of such 
foliations was considered in [18]. In [9] these fohations have been used to 
define a center of mass for initial data sets for isolated gravitating systems 
in general relativity. Such data sets are three dimensional asymptotically 
fiat manifolds. We argue here that, due to its relation to the Hawking 
mass, equation (0.1) is the most natural equation to consider when defining 
a geometric center of the Hawking mass. In fact, surfaces maximizing the 
Hawking mass are the optimal surfaces to calculate the Hawking mass. This 
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intuition is backed by our observation that along the fohation we construct, 
the Hawking mass is non-negative and non- decreasing in the outward direc- 
tion, provided the scalar curvature ^Sc > is non-negative, cf. theorem 3.2. 
We remark that on stable surfaces of constant mean curvature the Hawking 
mass is also non-negative as was shown by Christodoulou and Yau [2] . 

Moreover, we wish to mention here that in [7] Huisken argues in the other 
direction and introduces a definition of quasi-local mass with the constant 
mean curvature equation as Euler-Lagrange equation for the optimal surfaces 
at a given enclosed volume. This then fits together with the center of mass 
definition by CMC spheres. 

CMC foliations have also been studied in other contexts, in particular with 
asymptotically hyperbolic background in [16, 17, 13]. This setting is also 
relevant in general relativity when studying data sets which are asymptot- 
ically light-like. We expect that our results extend to the asymptotically 
hyperbolic case. 

In R^, minima of functional (0.2) are round spheres, and since the functional 
is scale and translation invariant, we get an (at least) four dimensional trans- 
formation group. In particular, we can not expect solutions of (0.1) to be 
unique. The existence of surfaces E C M*^ of higher genus which minimize 
the Willmore functional and in particular satisfy (0.1) with A = has been 
shown by Simon [21] and Bauer & Kuwert [1]. 

This changes when we take the background M not to be M? but the exterior 
region of an asymptotically flat manifold. That is M = M"^ \ -Bo-(O) and the 
metric on M is asymptotic to the spatial Schwarzschild metric g^^. This 
metric is the spatial part of the Schwarzschild metric which describes a 
single, static black hole of mass m. Thus m has the interpretation of a mass 
parameter. 

In the gf^-metric we no longer have translation and scaling invariance. In 
fact we will show that solutions of (0.1) which are close enough to large 
centered round spheres are in fact equal to centered round spheres. The 
radius of the sphere is then uniquely determined by A, provided A G (0, Aq) 
is small enough. If the metric on M is asymptotic to with appropriate 
decay conditions, we can show that solutions to (0.1) behave accordingly 
and form a smooth foliation of the asymptotic region of {M,g). 

To be precise, we consider metrics g on ]R'^\5o-(0) with the following asymp- 
totics 

sup (r2|(;-(7^|+r=^|V-V^|+/|Rc-Rc^|+r5|VRc-V^Rc^J) < r/, 

M3\B^(0) 
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where is the spatial Schwarzschild metric of mass m > 0, its Levi- 
Civita connection and Rc^ its Ricci-curvature. Correspondingly, V and Rc, 
are the connection and curvature of g. Furthermore, r is the Euclidean radius 
function on \ B„{0). Such metrics shall be called (m, r], a) -asymptotically 
Schwarzschild. 

In this setting, we will prove the following theorem. 

Theorem 0.1. For all m > and a there exists r/o > 0, Aq > and C < ooO 

depending only on m and a such that the following holds. 

Let {M,g) be an {m,ri, a) -asymptotically flat manifold with rj < r]Q and 
|*^Sc| < 7]r-^ 

then for each A G (0, Aq) there exists a surface satisfying equation (0.1). 

In Euclidean coordinates this surface is W'^^'^-close to a Euclidean sphere 
SR^{a\) with radius R\ and center ax such that 

|aA| + |i?A-(A/2mO"^/='| < Cr/. 

Moreover, there exists a compact set K G M such that M\K is foliated by 
the surfaces {EaIasCcAo)- 

For an arbitrary surface S C we can define a best matching sphere by 
introducing the geometric area radius and the center of gravity, both with 
respect to the Euclidean background: 

/?'^(S) = and ae(S) = |S|;^y" xd/i'^ 

where in the second integral, the integrand is the position vector. Then we 
define the scale-invariant translation parameter 

r(S) = ae(S)/i?e(S) 

and we can state the uniqueness theorem 

Theorem 0.2. Let m > and a be given. Then there exists rjo > 0, tq > 0, 

e > and vq < oo depending only on m and a such that the following holds. 

If (M, g) is an (m, rj, a) -asymptotically flat manifold with rj < r]Q and 
|*^Sc| < 

then every spherical surface S C M with r^^^ := min^r" > Tq, r(S) < Tq, 
Re < ^'^min H > Satisfying equation (0.1) for some A > equals one 
of the surfaces T,x constructed in theorem 0.1. In particular A G (0, Aq). 
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The outline of the paper and the proof of the above theorems is as follows. 
After setting the stage by presenting some preliminary material in section 1, 
we calculate the first and second variation of (0.2), to arrive at (0.1) and its 
linearization. This is done in section 2. 

In section 3 we prove a priori estimates for solutions to (0.1) under the 
assumption that H > and A > 0. These estimates in particular show that 
with increasing area also the Hawking mass of the Sa increases. 

Section 4 is devoted to a technical improvement of the curvature estimates 
in section 3, under the additional assumption that the surface in question 
is not too far off center in the sense that the translation parameter above is 
not too large. 

This allows us to break the translation invariance in section 5, where we 
prove position estimates. These estimates are at the heart of the uniqueness 
and are quite delicate. In this section we also state the final version of our 
a priori estimates. These estimates allow to control both the position and 
the shape of solutions to (0.1) in a very precise way. 

In section 6 we analyze the linearization of equation (0.1) and use the pre- 
vious a priori estimates to show that this operator is invertible. The reason 
why we are able to do this, is that the estimates in section 5 allow to compare 
the linearization of (0.1) to the corresponding operator on a centered sphere 
in Schwarzschild. The latter operator is invertible and thus invertability of 
the former one follows. 

This is used in section 7 to prove the existence and uniqueness of theorem 0.1 
and theorem 0.2 using an argument based on the implicit function theorem. 

1 Preliminaries 

1.1 Geometric equations 

We will consider three dimensional Riemannian manifolds (M, g), where g is 
the metric tensor, which we write as gij in coordinates. Its inverse is denoted 
by g^^ , its Levi-Civita connection by V. For the Riemanninan curvature 
tensor we use the convention 

Here we use the Einstein summation convention and sum over repeated 
indices. Then the Ricci-curvature is given by 

^Rc,z = ^?^'=^Rm,,-,, 
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and the scalar curvature by ^''^Sc = g^^^^Kcij. 

Our sign convention implies that commuting derivatives on a 2-tensor Tab 
gives 

For a three dimensional manifold the Riemannian curvature tensor can be 
expressed in terms of the Ricci curvature as follows 

(1.1) 

If E C M ia a surface we denote by 7 the induced metric and by u its 
normal. The second fundamental form of S is denoted by A and its mean 
curvature by H. The Riemannian curvature tensor ^Rm of E is given by 
the Gauss equation 

^Umijki = '^Uniijki + AiiAjk — Ai^Aji. (1-2) 
Taking the trace twice implies 

^Sc = ^'Sc - 2^'Rc(z/, u) + H^- \A\^. (1.3) 
Furthermore, we have the Codazzi equation 

VkAi, = ViAkj + ^^Rmkiaji^\ (1.4) 

Denote by u := Rc(z/, ■)^ the tangential projection of the 1-form Rc(z/, ■) to 
E. Then using the Gauss equation (1.2), the Codazzi equation (1.4) and 
equation (1.1), the Simons identity [22] becomes 

AA, = VNjH + HA^iA^j - \A\^A,^ 

+ A^-i^'^^^Rmukm + A'^^Rikji + 2 V,cj, - div uj-Hj . 

For any two-tensor T, we denote the traceless part by T°, that is = 
Tij — |(trT)7jj. In particular we have 

Aij = Aij — ^H'fij. 

This implies that 

\A\^ + IH^ = \A\\ 

With the help of these facts we get from Simons' identity that 

AA, = {V^H)l + HA\Au, + \H^Aj - \A\^A, - 

+ Ah'^^^'^mikm + i'^'^Rma-iz + 2WiUj, - diva;7,,-. 



:i.6) 



and therefore 



- |i|2^Rc(z/, v) + 2A'A)'^Rcu + 2(i, Vcu). 



;i-7) 
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1.2 Asymptotically Schwarzschild manifolds 



Let g^^ be the spatial, conformally flat Schwarzschild metric on \ {0} 
of mass m. That is = 4>fn9'^^ where (pm = 1 + S'^ is the Euclidean 
metric on M.^ and r the distance to the origin in M.^. We will suppress the 
depencence of g^ and (pm on m and denote the metric simply by g^ and (pm 
by 0. The following lemma summarizes the relationship of the geometry of 
g^ and g'^. 

Lemma 1.1. 1. The Ricci curvature of g^ is given by 



where pa is the 1-form dual to the vector ^ on M^. In particular, the 
scalar curvature of g^ vanishes. 

2. If H G M!^ \0 is a surface, we denote by the normal of S with respect 
to g'^ and by the normal ofT, with respect to g^ . Analogously d/i^, 
dfi^ denote the respective volume forms, , A^ the respective traceless 
second fundamental forms and and the mean curvatures. We 
find the following relations: 



Definition 1.2. We say that (M, g) is (m, r/, a) -asymptotically Schwarzschild 
if there exists a compact set B C M , and a diffeomorphism x : M \ B 
M? \ BfjifS), such that in these coordinates 

sup (r^l^-Zl+r^lV^-V^I+r^lRc^-Rc^l+r^lVRc^-V^Rc^l) < r/, 
where g^ is the metric for mass m. 

For brevity we will subsequently refer to Rc^ simply by Rc or by ^'^Rc. 

In the next lemma we relate geometric quantities with respect to g to quan- 
tities with respect to g^. 

Lemma 1.3. If{M,g) is {m,'r],a) asymptotically Schwarzschild and ifLc 
M? \ -Bcr(O) is a surface, we have the following relation between the normals 
V with respect to g and with respect to g^ 

r'^\v — < Crj. 



(1.8) 



d/x^ = (j)^ d/i^ 

A^ = (j)-^A^, and 



(1.9) 
(1.10) 
(1.11) 
(1.12) 



7 



Furthermore, the area elements dfi and dfi^ satisfy dfi — dfi^ = hdfi with 
r'^\h\ < Ct], 

The second fundamental forms A and satisfy 

lA-A'^l < Cr]{r-^ + r-^\A\) 

\VA - VA^\ < Cr]{r~^ + r~^\A\ + r~'^\VA\). 

To estimate integrals of decaying quantities we use the variant of [9, Lemma 
5.2] as stated in [14, Lemma 2.3]. 

Lemma 1.4. Let {M,g) be {m,r], a) -asymptotically Schwarzschild, and let 
Po > 2 be fixed. Then there exists c{pq) and Tq = ro(m, 77,0"), such that for 
every surface S C M'^\i?r.Q(0), and every p > po, the following estimate holds 

[ r-Pd/i<c(po)r^.?' / ^'d/i. 

Here rmin := min^r, where r is the Euclidean radius. 

In the sequel we will also need decay properties of volume integrals. 

Lemma 1.5. Let Q be an exterior domain with compact interior boundary S. 
Then for all p > 3 there exists a constant C{p) and tq such that if r jam > f^o 
we have 

f r-^dV < C{py-i f d/i. 
Jn JT. 

Proof. Let p be the Euclidean radial direction, and let X = r~P~^^p. With 
respect to g we have 

divX = {3-p)r-P + 0{r-P-^). 

Choose ro so large that the error term is dominated by the main term in 
this equation, that is 

{p-3-e)r~P < -divX, 

where e is such that p — 3 — e > 0. Integrating this relation over Q and 
partially integrating on the right hand side yields the estimate 

/ r-W< \ / {X,u). 

Jn p-3-e Jj: 

Note that the boundary integral at infinity vanishes as the surface integrand 
decays like r"^"*"^. The claim then follows from lemma 1.4. □ 



8 



Using the conformal invariance of || A 11^2 (2), which can be seen via lemma 1.1, 
we derive: 

Lemma 1.6. Let {M,g) be [m,!], a) -asymptotically Schwarzs child. Then 
there exists tq = ro{ri,a) such that for every surface E C \ 5^(0) '"^^ 
have 

ll^''lli2(S,g=) ~ ll^llL2{S,g) 

Corollary 1.7. Let {M,g), tq and S be as in the previous lemma. Assume 
in addition that \\H\\l2(^^-^ < C , then 

We need the following variant of the Michael-Simon Sobolev inequality [15] 
as stated in [9, Proposition 5.4]. 

Proposition 1.8. Let (M, g) be (m, rj, a) -asymptotically Schwarzs child. Then 
there is Vq = ro{m,ri,a) and an absolute constant Cg such that for each 
surface S C M \ -Bro(O) and each Lipschitz function f on we have the 
estimate 




(1.13) 



Via Holder's inequality, this implies that for all q > 2 

2 

^ I/I" d/i^ < ^ I V/l^ + \Hf\^. d/i, (1.14) 
and for all p > 1, 




(1.15) 



1.3 Almost umbilical surfaces in Euclidean space 

To conclude that the surfaces we consider are close to spheres, we use the 
following theorem for surfaces in Euclidean space. This is proved in [3, 
Theorem 1] and [4, Theorem 2]. 
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Theorem 1.9. There exists a universal constant c such that for each compact 
connected surface without boundary S C with area |S| = Air, the following 
estimate holds 

o 

ll^"" - 7''I|l2(S,7=) < c||A''||l2(E,7'=)- 
o 

// in addition ||^'^||l2(s,7'=) < Svr, then T, is a sphere, and there exists a 
conformal map : ^ i: C M.^ such that 

O 

W^tp - (a + idsa) II 14/2,2(52) < c||A'=||i2(S,7e), 

where ids2 is the standard embedding of S"^ onto the sphere Si{0) in M.^ , and 



a = |S|;^ [ ids d/i" 



is the center of gravity of S. The conformal factor h of the embedding 
that is ip*Y = h'^ls'^, satisfies 

o 

\\h — l||v4/l,2(52) + sup \h — l\< C\\A ||i2(S ^e). 

52 

The normal of S satisfies 

O 

||iV - O ^||^yl,2(52) < c||A''||i2(s,^e), 

where N is the normal of Si (a) . 

To get the scale-invariant form of these estimates, we proceed as follows. 
For a surface E with arbitrary area |S|e let = ^|S|e/47r. Then the first 
part of theorem 1.9 implies that 

— 1 ell II °e II 

11^ - Re 7''I|l2(S,7«) < CIIA"" II 2,2(2,7=). 

Again let denote the center of gravity of S, 
1 



ids d/i*" e 



Then if ||^^||L2(E,7e) < Stt, the second part of theorem 1.9 gives that there 
exists a conformal parametrization : SR^{ae) — S. The estimates from 
theorem 1.9 imply together with the Sobolev-embedding theorems on S^, 
that the following estimates hold 

sup \lp - idsj^Ja,) I < Ci?eP1|L2(s,T,e), (1.16) 
||7V O ids^J,,) -U O ^||^2(s) < C/2e||>||L2(E,7«). (1.17) 
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and 

sup \h^ - 1\ < C\\A'\\L2i^,^e). (1.18) 

Here, as before, h denotes the conformal factor of the map ip and is the 
normal of S'ij^(ae). 



2 First and Second Variation 

In this section we calculate the first and second variation of the Willmore 
functional subject to an area constraint. 

To compute the first variation of W let S C M be a surface and let F : 
S X (— e, e) — ^ M be a variation of S with -F(S, s) = and lapse = 
av. Recall the following well known evolution equations for deformations 
of hypersurfaces (see for example [8]). Here and in the following we will 
understand that all s-derivatives are evaluated at s = 0, and will not further 
denote this explicitely: 

d 

— d/i = aH, 

OS 
OS 

—u = -Va, 

OS 

d 

—Aij = -ViVj-a + a{AikA) - T^j), 
= La, 

OS 

where 

Lf = -Af-f{\A\' + ''Rc{u,u)) (2.1) 

is the well known Jacobi operator for minimal surfaces, 

Tij = ^Rm(a,, z/, z/, dj) = ^'Rcl + G{u, u)^,^ 

and G = *'^Rc — ^^Sc ■ g is the Einstein tensor. 
The first variation of W can then be computed as 

W[^s]= I HLa + \H^adii= [ {LH + \H^)adii. (2.2) 



0- ^ 
ds 



s=0 
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A critical point for W therefore satisfies the Euler-Lagrange equation 



LH + = 0. 



(2.3) 



To compute the second variation of W, note that by (2.2) 

Wp,] = [ ^{-AH-H\A\'^-H^^Rc{u,u) + ^H^)adfi 
I Jt. 'JS 

+ 1{LH + IH^){^ + Ha^) 



s=0 



(2.4) 



Thus we have to compute the hnearization of the Willmore operator defined 
as follows 



Wa :-- 



ds 



{- AH - HlAl"^ - H^^Rc{u, u) + \H^) 

s=0 



(2.5) 



[— , A]H - H—\A\^ - if— ^^Rc(z/, v) + LLa + fi/^La. 



ds 



ds 



Using the above formula for the variations of the metric and the second 
fundamental form we compute 

^A'^ = -SaA^'Ai - V'V'a - aT^ 
as 



and therefore 
d 



d 



\A\' = —{A''JA 



ds 



ds 



-2a tr A^ - 2AijV'V^a - 2aA'^Tij. (2.6) 



The next term we compute is ^'^Rc(z/, v), yielding 



d_ 

ds 



Ml 



Rc(z/, u) = aV/'Rc(z/, u) - 2 '"Rc(Va, u). 



(2.7) 



We turn to computing the commutator [^,A]. We write A = divV and 
we compute the commutator of [^,div] and V] individually. First note 
that since V'^^ = we have 



d 



ds 

and hence 
[- 

^ds' 



dx^ dx^ ds 



kl 



V]0 



-2aAfV^ 



-2a5(V0). 



(2.^ 
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Here S is the shape operator, that is the tensor defined by 

^{S{X),Y)=A{X,Y) 

for all X, y G X{Tj). Now we turn to the computation of div], operating 
on vector fields. Let X,Y E X{T,) be vector fields. We compute 

7(Vxl^,X) =7(VyX,X)+7([X,r],X) = lr(7(X,X)) + 7(X, [X,Y]). 

(2.9) 

We choose a local orthonormal frame {cj} and propagate it using the ODE 
= -aS{ei). 

Then the {cj} remain orthonormal under the evolution. Plugging X = Cj 
into equation (2.9) yields 

7(Ve,l",ei) =7(ei,[e,,r]). 

Differentiating this equation and using the above formulas we get by a fairly 
standard computation 

^7(Ve,r, e,) = 2aA{ei, [e„ Y]) - 7(«^(e,), [e^, F]) - 7(e„ [a^(e,), F]) 

= av4(ei, Ve,F) - aA(ei, Vye^) - 07(6^, V5(e,)F) 
+ ay(7(ei, ^(eO)) - a-fiVyeu S{ei)) + Y{a)A{ei, a) 

+ aVyv4(ei, Ci) + Y{a)A{ei, e^). 

If we now choose {cj} to be an orthogonal system of eigenvectors for S, 
that is S{ei) = XiCi, then we see that the first two terms cancel, and after 
summation over i we infer 

div]F = aVyA(ei, e,) + Y{a)A{e,, a) = VyiaH). (2.10) 

i 

We combine equations (2.10) and (2.8) and get, using A = div V, 

[^,A]0= (V(/),V(aif))-2A(Va,V0)-2adiv(5'(V(/.)). (2.11) 
Using an ON frame {cj}, we compute further that 

div (^(V0)) = Ve.v4(V0, ei) + A(Ve, V0, eO 
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and in view of the Codazzi equation this yields 

div (5(V0)) = ( V0, \/H) + J2 '''^^(ei, V0, u, e,) + A(Ve, V0, e^) 

i 

= VH) + ^^Rc(V(/), z/) + {A, VV). 
Plugging this formula into (2.11) gives 

A]0 = //(Va, V0) - «(V0, Vi/) - 2A(Va, V0) 12) 
- 2a^Rc(V0, z/) - 2a{A, V^)- 
Finally we substitute the results (2.6), (2.7) and (2.12) into (2.5) to obtain 

Wa = LLa + \H'^La - H{Va, VH) + a\VH\^ 

+ 2A{Va,VH) + 2a^'Rc{VH,u) + 2a{A,V^H) 

+ 2aHtiA^ + 2H{A,\/'^a) + 2aH{A,T) ^^'^^^ 

- aHV /'Rc{u, v) + 2i/^Rc(Va, v). 

We rewrite equation (2.13) in dimension two, as it somewhat simplifies. We 
split A = A + following terms 

{A,V^a) = (i,V'a) + ^HAa, 
A{Va, VH) = A{Va, VH) + \H{Wa, VH), 
{V^H, A) = IHAH + {A, V^H), 

tiA"^ = tri=^ + H\A\^ + ^H\A\^ = H\A\^ + lH\A\^, 
{A,T) = ii7^^Rc(i^, z/) + (i,T). 

Plugging these into (2.13), and setting u = Rc(z/, ■)-^ yields 

Wa = LLa + \H'^La + 2H{A, V^a) + 2Huo{Va) + 2A{Va, VH) 

+ a{\VH\^ + 2uj{VH) + HAH + 2(V^iJ, A) (2.14) 
+ 2i72|i|2 + 2H{A, T) - HV/^Rc{u, u)). 

To demonstrate that W is L^-self adjoint we compute, with D = \A\'^ + 
Rc(i/, z/), 

[ pH^Ladfi= I pH\-Aa-aD)dfi 

H'^{Va, V/3) + 2H(3{VH, Va) - apH'^D d/x. 
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O -. 

and, using div A = ^VH + uj, 
is 



Thus 



PWa d/i 



LaLp + W (3) - 2HA{Va, V(3) 

+ af3{\\/Hf + 2uo{VH) + H/^H + 2(V^i/, A) + 2H'^\A\^ 



(2.15) 



and from this representation it is obvious that the bihnear form associated 
to W is symmetric, and hence W is L^-self adjoint. 

Recall that the goal is to find a critical point of the Willmore energy in the 
class of surfaces with given area. From (2.3) we get that for a critical point 
of this problem we have 







{LH + \H^)adfi 



(2.16) 



for all a which respect the constraint Jj, aH d/i = 0. We thus find the 
Euler-Lagrange equation 



LH + ^H^ 



XH, (2.17) 
where A is a constant. Let us turn to the computation of the second variation 



Wp,] = / aWa + {LH + \H^){-^ + Ha^)d^i. (2.18) 



At this point we only consider variations that leave the area constant up to 
second order. This gives 







d_ 

ds 



aH dfi 



da 
ds 



H + aLa + a^H^dfi. (2.19) 



Thus we can compute 

f (LH+lH'^)(^+Ha^)dn= [ \H(^+Ha^)dfi = -X [ aLa. (2.20) 
Je ds is ds is 
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Plugging this into (2.18) yields that the second variation of W on a station- 
ary surface S is given by 

S'^W{a,a)= / aWa- XaLadu, (2.21) 
for all valid test functions a G C°°(E) satisfying aH dfi = 0. 

3 Integral curvature estimates 

In this section we derive a priori bounds on the curvature of surfaces which 
are solutions of the equation (0.1). We will later make the assumption that 
both H > and A > on these surfaces. Without the assumption on A we 
can derive the following lemma. 

Lemma 3.1. If a spherical surface S satisfies equation (0.1) with H > 0, 
then 

A|E|+ / \V\ogH\^ + lH^ + ^\A\^dfi<4n- ! |*-^Scd/i. 



s 



If '^^Sc > we have that 



4A|S| + / H^dfi< IGtt. 



Proof. Multiply equation (0.1) by if ^ and integrate the first term by parts. 
This yields 

A|S| + J |Vlogii|2 + |i|2 + A/Rc(z/,i/)d/i = 0. (3.1) 

We can now use the Gauss equation (1.3) and the Gauss-Bonnet formula to 
get 



A 



S|+ / \V\ogH\^ + + ^\A\^ dfi < 4tt - [ |*^Scd/i. 



□ 



The above lemma already implies that the Hawking mass is positive on such 
surfaces. 



16 



Theorem 3.2. If(M,g) satisfies *^Sc > and if is a compact spherical 
surface satisfying equation (0.1) with H > 0, then rriHi^) > z/A > 0. 

Furthermore if F : S x [0,£:) M is a variation with initial velocity 

^mH(F(S,s)) >0. 

Note that the condition on a means that the area is increasing along the 
variation. 

Proof. Non-negativity of the Hawking-mass is obvious from lemma 3.1. To 
observe monotonicity, we compute the variation of the Hawking-mass. We 
denote F('S,s) = S.. 



(167r)3/2 ^ 
as 



s=Q 



as equation (0.1) imphes that the variation of Jj.H'^dfi is given by 2XH 
This yields 

d 



(167r)3/2 ^ 
as 



mn = ( / aHdfi ) ( 167r-4A|S| - j H' dfi 



Lemma 3.1 implies non- negativity of the right hand side. □ 

Subsequently we assume that the manifold (M, g) is (m, t], (T)-asymptotically 
Schwarzschild for some t] < rjQ, where ?7o is fixed. Furthermore S C M is a 
surface with r^i^i > large enough. The particular tq will only depend on 
m, rjQ and a, and we will no longer explicitly denote the dependence on these 
quantities. Similarly, constants denoted with a capital C are understood to 
depend on m, rjo and a, in addition to quantities explicitly mentioned. In 
contrast, constants denoted by c will not have any implicit dependency. We 
no longer require the condition *^Sc > 0. 

Lemma 3.3. Let {M,g) be {m,T], a) -asymptotically Schwarzschild. Then 
there exists tq = rQ{m,ri,a) and a constant C = C{m,r],a) such that for 
all spherical surfaces E C M \ -Bro(O) satisfying equation (0.1) with A > 
and H > 0, we have the following estimates. 



IjA\' + \V log H\'d^,<Cr;^l 
' H^dfi- IQtt 
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and 

< Cr-l 

Proof. From lemma 3.1 we get the bound 

/ H^dfx < 167r -2 [ ^^Scd/i 
As I^^ScI < C{r])r-^ we find that in view of lemma 1.4 



s is 
So if rmin is large enough, eventually 

We can write the Gauss equation (1.3) in the following form 

i^sc < f Sc + = ^H' + f ^Sc - ''Rc{u, u). 

Integrating and using lemma 1.4 gives 

IGtt < / H^dfi + Cr-]^. 
Jt. 

The remaining claims now follow from lemma 3.1. □ 

o 

The initial bound on A derived above is crucial for higher curvature estimates 
on E. We vary on the strategy outlined in [10, Section 2]. The estimates 
there were derived in fiat ambient space and therefore we review them here 
for the readers convenience. More importantly, we can use the fact that 
H > 0, which improves the estimates, as the absolute error is slightly better 
behaved. 

Lemma 3.4. Under the assumtions of lemma 3.3 we have 

I ^^d/i<2 I |i|M/i + 2 I (*^Rc(z/,z/) + A)'d/i. 

Proof. We use equation (0.1), divided by if, which gives 
^ ^! dfi = ljA\' + ''Rc{u, u) + A)' d/i 



< 



2 f |i|M/i + 2 I (*^Rc(z/,z/) + A)^d/i. 
Js Jt 



□ 
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Lemma 3.5. Under the assumtions of lemma 3.3 we have 

<Cr^^f |Vlogifp+ / (*'Rc(z/,i.) + A)' + |i|^ + |Vlogi/|M/^. 

Proof. 

■dfi= -H-'^ViVjV^HVjH + 2H-^V^H{VH, VH) d/i 



— n \ jL\n \ jn — n 

S 



(3.2) 



J 2H-^\/^H{VH, VH) d/i 
I Ai/P 

- H~^^RmijkNjHVkHdfi 
+ j 2H-^V^H(yH, VH) -2H-^\VH\'^AHdfi. 

In view of the Gauss equation (1.2) the curvature term yields 

^RuiijkiVjHVkH = {^'^Rmijki + \H^ljk - AikAij)VjHVkH 

= ^H^\VH\'' + '"RmijkNjHVkH - AkA.VjHVkH. 

Furthermore, we estimate 



/ 2H-^V^H(yH,VH) -2H-^\VH\'^AHdfi 
f 1 lV^i7P 



The first term can be absorbed to the right hand side of equation (3.2). We 
infer 

< / ^-^ + c|Vlogi^|^ + c|i|^ + c|^Rm||Vlogi^pd/i. 

We use l^^'^Rml < Cr^^ and lemma 3.4 to conclude the claimed inequality. 

□ 
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Lemma 3.6. Under the assumtions of lemma 3.3 we have 
I |vipd/i + iiy2|^|2d/i < I \u\^+Cr^,J \A\^dfi+f \\/H\^ + \A\^dfi. 

Proof. Integrate equation (1.7), and use integration by parts on the left hand 
side, and on the first and the last term on the right hand side to conclude 

/ |Vipd/i + ^ / H^\A\^dfx= [ 2(divi,iVi/ + cu) + 



O 

From the Codazzi equation we conclude that divA = jzWH + tu, and hence 



2 

Vipd/i + - / iy2|i|M/i< / |Vi/p+|i|^ + 4|c<jp + c|i|Y^Rm|d/i. 

In view of |*^Rm| < Cr^^ the claimed estimate follows. □ 

Combining lemma 3.5 and lemma 3.6, we infer the following estimate. 
Lemma 3.7. Under the assumtions of lemma 3.3 we have 



|VA|2 + lAplApd/i 
<c f |cup+ (^^Rc(z/,i/) + A)2d/i + c / + |Vlogif|M/i 

+ ^^mfn I IVlogifp + lipd/i. 

S 



At this point we need a variation on the multiplicative Sobolev inequality 
from [10, Lemma 2.5]. 

Lemma 3.8. Under the assumtions of lemma 3.3 we have 



+ |Vlogi7|M/i 
<c{ f |ip + |Vlogi/|M/i 

+ |VA|^ + |Vlogi7|^ + i72|ipd/i ) . 



s 



s 
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Proof. We use the Michael-Simon-Sobolev inequality from Proposition 1.8 
and Holder's inequality to estimate 



lj\VlogH\'Ydfi 



1/2 



<c I ^——^\V\ogH\ + \V\ogHf + H\V\ogH\'^diJ 



H 



1/2 / r iv^iJi^ \ 



<c( / |Vlogi7|M//) ( / ' + |Vlogij'|'+ iVi/lM/i 



s 



Furthermore 



1/2 

I^N/iJ < cy |i||vi| + if|ipd/i 

< c ^ d/i^ ^ I Vi|^ + d/i^ . 

Combining both inequalities yields the claim. □ 

The estimates above yield the initial curvature estimates. 

Theorem 3.9. For every m, rj, a there exist constants tq = ro{m, rj, a) and 
C = C{m, 7], a) with the following properties: 

If{M,g) is [m, 7], a) -asymptotically Schwarzs child and S C M\Bra satisfies 
equation (0.1) with H > and A > 0, then S satisfies the estimate 

^ + |VA|2 + \V\ogH\' + \A\'\A\' d/i 

<c / (^'Rc(z/,i.) + A)'d/i + Cr„f„ / |Vlogi/|2 + lipd// 

Proof. This is a consequence of lemma 3.3, lemma 3.7 and lemma 3.8. □ 
Corollary 3.10. Under the assumptions of theorem 3.9 we have the estimate 

/ + I V^l' + I V logi/r + \mA? d/i < Cr^ + cr^Lisr^ 

Proof. The claim follows in view of + |Rc| < Cr~^, lemma 1.4 and the 
estimates from lemma 3.3. □ 

Corollary 3.11. Under the assumptions of theorem 3.9, we have the estimate 
[ \A\' + \\/logH\'dfx<Cr-lm+Cr-l 
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Proof. This follows from the Michael-Simon-Sobolev inequality and Kato's 
inequality. For example 

Al'^djj] <Cs |V|i|| +i/|i|d/i 



1/2 



Using corollary 3.10 the claimed inequality for J |y4| d/^ follows. The proof 
for J |Vlogifpd/i is similar. □ 

4 Improved curvature estimates 

Before we can approach the position estimates, we discuss how the decay 
rates in the curvature estimates in section 3 can be improved. First we 
note that the estimates in section 3 and theorem 1.9 imply that solutions to 
equation (0.1) are close to spheres. 

Proposition 4.1. Let Re be the geometric area radius of S with respect to 
the Euclidean metric, i.e. d/i^ = AirR^, and let he the Euclidean center 
of gravity of E, that is 

_ /s ids d/i^ 

Og - 



Let S := Sn^ae) he the sphere of radius Re centered at Og and let N he 
the Euclidean normal of S. Then there exists a conformal parameterization 
ip : S ^ (^jT*^) with conformal factor h"^ satisfying the following estimates. 

snp\tP-ids\<CRe{\\A\\L2+vr-l) (4.1) 
s 

\\N o ids -y' o ^11^.(5) < CRe[\A\\L- + r/r^L) (4-2) 

sup|/i2-l|<C(||i|U2+r/r-2J (4.3) 
s 

Proof. This follows immediately from corollary 1.7, theorem 1.9 and corol- 
lary 3.10. □ 

In the sequel, an essential quantity will be the ratio between the center of 
mass and the radius of the approximating sphere. We denote it by 

r := ^, (4.4) 

tie 
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where and are as in proposition 4.1. Note that by corollary 3.10 and 
(4.1) we have 

r-min > Re - " CRe(\\A\\L2 + V^^l^) 

> i?,(l - r) - C^R^iReT-l + r-l + r/r-fj. (4.5) 
Analogously we can estimate r^[^ from above. If we now assume that 



e 



T 



<{l-e) and /2e < ^C;, (4.6) 
for some arbitrary e > 0, we get for rmin large enough 

and this shows that 

C '"min ^ Re — C*rmin- 

Hence Re and rmin are comparable to each other and therefore we will not 
distinguish between them any more and we phrase the estimates only in 
terms of r^i^. Constants C in this section will also depend on e. 

We can use the fact that S is well approximated by a round sphere to 
compute a precise expression for A. 

Proposition 4.2. // {M,g) and S are as in theorem 3.9, then if assump- 
tion (4.6) holds, we have 



2m 

if 



< Cr-l(\\A\\l + II V logF III,) + Cr„f„(T + r„,„l|il|„ + ^71) 

Here we set Rs := where (j) = (f){Re) = 1 + 

Proof. Recall that from (3.1) we have 

A|S|+ [ Rc(z/,i/)d/i < [ + |Vlogi/|M/i (4.7) 
Jt, Jt, 

The goal is now to calculate the integral on the left. We start by estimating 
the error to the respective integral in Schwarzschild. 

Rc{u,u)dfi- / Rc^(z/^,z/^)d/i^ 



< c / |Rc - Rc^l + \Rc\\u - iz-^l + |Rc|| d/i - d/i'^l d/i < Cr]r~^^. 



s 
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We furthermore replace u and d/i by the respective Euchdean quantities. 
This introduces some factors of (p which all cancel, and we therefore get no 
further error in the following step: 

[ Rc(i/, z/) d/i - [ Rc^(i/", I/') d/i' 

The second integral on the left can be replaced by an integration over the 
sphere S = SR^{ae) from proposition 4.1, introducing only acceptable error 
terms. This technique was used extensively in [14]. To see how this works, 
we use the parameterization ip : S ^ H from proposition 4.1 to calculate 

[ Rc^(^/^ i/*^) d/i'^ - [ Rc^(iV, iV) d/i"^ 
is Js 

= I (Rc^ o ^) (i/^ 07/^,1/^0 tp) h'^ - Rc^(iV, N) d/i^ 
Js 

<c I |Rc^o7/;-Rc^| + iRc^ll/i^- 1| + |Rc^||z/^o7/;- ATld/i'^ 
Js 

< cIIV^Rc^IIlooII^/; - Id ||loo|S| + c\\Rc'^\\Li\\h'^ - 1|U- 
+ c||Rc^||L2||i^'^o^^-iV||i2 

Now use coordinates ipy'd on Sji{a) such that cosip = g^{^^,N). Then 

the representation Rc'^(iV, A^) = </)"^^(l — 3g^{p,Ny) together with p = 
r~^{ReN + Oe), implies that 

/ Rc^(A^,Ar) dp" 
Js 

= m \ (p [ — - 3Ri— - 6Re\ae\ — ^ - 3\ae\ dp"" 

Letting '<p := 1 + 2^ we can use the expression = _Rg + 2i?e|ae| cos(/9+ |aep 
to estimate that 

sup 10 - 01 < Crr~l^ 
s 

which renders 

[ Rc^ {N,N) dp' 
Js 

^ f ( ^ qo2 1 «D I I cosy Ql |2C0SV\ A e , nl "2 ^ 
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Integrals of this type can be computed explicitly as follows. First write 



COsV j-,2 r ■ COsV , 

— d/i" = 27rRi / sm if — -^dif. 



We have x = RgN + ae, and hence r = RI + 2Re\ae\ cosif + |aep. Thus 
^ = V . and cosy. - l!^^Ii>£" 

dr /te I He I sin (/p ' ' 

yields 



2R^\ae\ 



Substituting this into the integral 



^ r . cos' 09 , 

2t[R I smcyj — r — av?. 
io r 



2'kR, 



Re. + We\ 
-Re-|ae|| 



Thus we can compute (see appendix A.l), if |ae| < -Re 



Rc^(A^, A^) d^f = -<; 



+ 0(rr 



mm/ 



Collecting all error terms we introduced, this yields that 



Rc(i^, u) dfi 



R, 



The next step is to calculate the area of S. Similar to the above argument 
we estimate 



1 d/i — / 1 d/i 

s Jt, 



From lemma 1.1 we get 



< Ct]. 



E is 



We now replace by </> in this integral. This yields an error of the following 
form 



6^ dfi' 



14 1 ,.e 



In conclusion we find that 



^ C*''"min {t + r„nn\\A\\L2 +r]rJn) 



||S| - 47r/2|| < Cri^in(r + rmin||A||i2 + ?7rj^y 
Using lemma 3.3 we get 
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Plugging this expression into equation (4.7), we arrive at the estimate 



A 



2m 



iVlogiJili.) +Cr-fJr + 

' min 



This yields the claim. 



(4.8) 
□ 



If T behaves as above, we have more control over the curvature terms which 
did not allow us to increase the decay rates in section 3. In particular. 

Proposition 4.3. Under the assumptions of theorem 3.9, if conditions (4.6) 
hold, then 

h - < Cr,lin(^' + ll^lli^ + W^n) 

||Rc(z/, v) - </)-^Rc^(p, p)||i.(^) < Cr-fjr^ + + r/r'^J 

||Rc^ - P<f-.,Rc^||i.(s) < Cr-fjr^ + + r^r'fj 

Here, P^_2^Rc'^ denotes the -orthogonal projection ofKc^ to the subspace 
perpendicular to 



Proof. The proof is the similar to [14, Proposition 4.6]. However the claimed 
estimate here is somewhat more precise, so we briefly sketch the argument. 
To show the first assertion we first replace the quantities in the integral by 
the respective quantities computed with respect to the Schwarzschild metric 



/ ^(z/ - ''p,iy-(f) V) d/i - / (?^(z/^ - ^p,iy^ -(j) V) d/i' 



< Ct]. 



Then we note that 



f gS(u'-<l)~'p,u'-r'p)dp'= f g'iu^-p,u^-p)dp^. 
Jt, Jt, 

We now parameterize again by and calculate the difference to the respec- 
tive quantity on S. We obtain 



g\v^ -p,v^- p) d/i^ - / g\N -p,N-p) d/i^ 
s Js 
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Since 

/ g\N -p,N-p) d/i^ <C [ r-\\r - Rf + \af) dp' 
Js Js 

<Crl^ir' + \\A\\l+Vr-l), 
where we used (4.5), we obtain the first inequahty. 

The other inequahties are then a consequence of the first, since they basically 
follow from expressing the quantities in terms of the respective quantities in 
Schwarzschild. □ 

This proposition can be used to improve the mean value estimate we ob- 
tained in proposition 4.2 to the following L^-estimate. 

Proposition 4.4. Under the assumptions of theorem 3.9, if conditions (4.6) 
hold, we have 

||A + Rc(j/,i/)|U2(s) < Cr-^r + + || V log if 1^2 + r/r-^J 

Proof. We use the second estimate of proposition 4.3 to express Rc(z/, v) 
in terms of </)~^Rc'^(p, p) plus error. Then we use that up to second order 
(/)~^Rc'^(p, p) = — ^ plus error. In combination with proposition 4.2 this 
yields the estimate. □ 

Propositions 4.3 and 4.4 give more precise estimates of the terms on the 
ri^ht hand side of theorem 3.9. In combination with the initial estimate for 
11^11^2 we thus infer the following improved curvature estimates. 

Theorem 4.5. Under the assumptions of theorem 3.9, if conditions (4.6) 
hold, then 

and furthermore 

j^\A\^ + I V log 1 2 dp < Cr:±{T^ + w:±) 

Proof. First of all note that by the calculation in corollary 3.11 we can 
estimate 

j iip+iviogi/|2dp<cisi y r^^+ivyi|2+iviogifi^+iAni|2dp. 
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(4.9) 

Since, under assumption (4.6) we have that |S|r~fj^ — ^ 0, we can eventually 
absorb the second term on the right in theorem 3.9 to the left hand side. In 
combination with proposition 4.3 and proposition 4.4 this yields that 

< Cr-l{T' + nr-l + \\A\\l, + llVlogJflli.) 
together with (4.9) we infer 

/ \A\' + |Vlogif|M/i < Cr^U^' + vr-l + \\A\\l, + || V logi7||i.) 

We absorb ||A||^2 + II V logif||^2 to the left and obtain the second estimate. 
The first estimate follows from (4.10) and this estimate. □ 

Using this estimate, we also get a better control on derivatives of u. In 
particular, we have the following 

Proposition 4.6. Under the assumptions of theorem 3.9, if conditions (4.6) 
hold, then 

||V^||i2(s) <Cr-f„(r2 + r/r-fJ, 

and 

||VRc(z/,z/)||i2(s)<Cr-f„(r2 + r/r-y, 
Proof. To prove the first estimate calculate for {cj} a ON- frame on S that 

= ^Ve/'Rc(z/, efc) + iH^'Rcia, Ck) - ii/*'Rc(z/, u) (4.11) 
+ *^Rc(e/, ek)Au - *^Rc(z/, iy)Ak. 

o 

The last two terms including A have the claimed decay, so we focus on the 
first three terms. 

In Schwarzschild we have that on the centered spheres V"^u;"^ vanishes as a;'^ 
vanishes, so we find that on centered spheres for a ON-frame {ef } tangent 
to the centered spheres 

= V^sLu' = VfsRc^(0-V, el) + |i/^Rc^(ef , el) - ii/Rc^(rV, 0"^)- 
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(4.12) 



Following proposition 4.3 we get that the first three terms of (4.12) equal the 
right hand side of (4.11) up to an error with L^-norm bounded by Crr^^f^. 
This yields the first estimate. The second one is proved similarly. □ 

In the sequel we will use the improved integral estimates to derive improved 
pointwise estimates of the second fundamental form and its derivatives. Be- 
fore doing this we need the following Lemma which is due to Kuwert and 
Schatzle [10] in the case that M = W. 

Lemma 4.7. Under the assumptions of theorem 3.9 we have for every smooth 
form if along E 



I l|4 

W\\l°°{t.) 



<cibiii^(E)^(ivvr+ii^n^r)d/i. (4.13) 



Proof. The proof of lemma 2.8 in [10] can be carried over to our situation 
since we saw in proposition 1.8 that the Michael-Simon Sobolev inequality 
remains unchanged if (M, g) is (m, 77, cr)-asymptotically Schwarzschild. □ 

In the next lemma we derive an L^-estimate for \/^H. 

Lemma 4.8. Under the assumptions of theorem 3.9, if conditions (4.6) hold, 
then 

1^ W'Hl'df, < Cr-i{\\H\\l^ + r-y (r^ + r/r'^ . (4.14) 
Proof. We multiply equation (0.1) with AH and integrate to get 



Ai7|2 d/i = - / HAH{\A\^ + *^Rc(z/, + A) dfi 



< 



I f \AH\^dfi + c [ H^\A\^ + H^{^'Rc{u,u) + X) d/i 



(4.15) 



Defining / = |A| and applying proposition 1.8 we get 

1/2 

< C 

1/2 / p \ 1/2 



\AfH^ d^?j <C J i\A\\A\\\/A\ + \A\^H^)dfi 
< C ^ \A\'\A\' d^?j ^'^ ^ \^Af + eXa^ d/i^ 
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In combination, we infer 



[ \AH\^dfx< [ i72(A^Rc(z/,i/) + A)'d/i 
is Jt, 

+ c(^j^ \A\'\A\' d/i^ ^ I VAp + H'\A\' df?j 

This implies the claim, since the first term is estimated in view of propo- 
sition 4.4 and the second one in view of theorem 4.5. Using the Bochner 
identity as in the proof of lemma 3.5 finishes the proof. □ 

Now we are in a position to prove a pointwise estimate for H. 

Proposition 4.9. Let S = SR^{ae) be the approximating sphere for S from 
proposition 4-1- As in proposition 4-2 we let (j) = 1 + and define 

Under the assumptions of theorem 3.9, if conditions (4.6) hold, we have that 
\\H - < C^r-f,(r + V^/r-^ . (4.16) 

Proof. Since 

\\H-H'\\l.ij:)<Cr,h;^^ 

and = (f)~^H'^ — ^(j)~^g'^{p,h'^) by lemma 1.1, we can estimate using 
propositions 4.1, 4.3 and theorem 4.5 that 



+ lir^(^/(p,.^)-^)lli.(,); 

<C||i||i.(^)+CrV-f, + Cr/r- 



Combining these two estimates we conclude 
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We apply lemma 4.7 to (/? = — and get 



I TJ TjSwi ^ /-Yii TT TjS\\2 



[J {\V^H\^ + H^\H-H'\^df?j 
I + 11. (4.17) 



Now we estimate term by term. We use lemma 4.8 and the fact that 

\H\\l°°{t,) < + \\H — H^\\l°^{s) to get 

-2 \2 



where we also used the above estimate for \\H — -^■^11^2(2)- Next we note 
that 

^ H'^IH -H'\^dfi<C J^H^ {{H'^IH -H'\^ + \H- iY^I^) d/x 
<C{H^f f \H -H^\^d^i + C\\H - H'^Wl 



(S)- 



Hence we get 



Inserting these two estimates into (4.17) we conclude 

and therefore, by choosing Tq large enough we can absorb the first term on 
the right hand side and this finishes the proof of the proposition. □ 

In the next lemma we derive pointwise estimates for higher derivatives of 
the curvature. 

Lemma 4.10. Under the assumptions of theorem 3.9, if conditions (4.6) 
hold, we have that 

r„.i„||Vi/|U«>(s) + ||i|U-(s) < Cr-f,,(r + ^^r'^ (4.18) 

Proof. Using (1.6) we estimate 

||Ai|U2 <c{\\V^H\\l2 + \\H\\LA\m^ + \\H\\1^\\A\\l2 + ||i|U2||i||ioc 
+ ||^Rm|Uoc||i||^2 + ||Vu;|U2) 

<C'^mfn(^ + V^^min) +C|l^llL2||i||i^, 
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where we used theorem 4.5, definition 1.2, corollary 4.9 and propositions 4.6 
and 4.8. Using an integration by parts argument as in the proof of lemma 
3.5 we get 

||V2i|U2(E) < Cr^L(r+ v^r-,JJ +C'||i|U2(s)||i||i.o(^^ 
Hence we can apply lemma 4.7 and get 

wMUij:) < c||i|li2(s)(iiv^i|ii.(s) + 

^ ^■'^mfn (''"^ + + ^^mfn 1 1 ^ 1 1 L°° (S) ' 

where we used the above estimate for V'^A and theorem 4.5. Absorbing the 
last term on the right hand side into the term on the left hand side finishes 

o 

the proof of the L°°-estimate for A. For the estimate of 'VH we differentiate 
(0.1) and get 

||VAi/|U2(s) <c(A||Vi/|U2(s) + ||i||ioo(s)||V//|U2(s) 

o o 

+ II-^IIl°=(s)II^IIl°°(s)II Vv4||2,2(2) 

+ ||Rc(l/, Z/)||ioo(2)||Viy||L2(s) 
+ ||Rc^(-,i^)|U2(E)||A||ioo(s) 

+ ||^||l-(s)||VRc(z/, i^)||l2(s)) 

Hence by interchanging derivatives and integration by parts we get as before 

||V^if|U2(s)<Cr^f„(r + v/^r^L)- 
Applying theorem 4.5 and lemma 4.7 once more, we conclude 

II Vi/rLo.(s) < C||Vi/||i2(s)(||V^i/||i2(s) +r^fJ|V//||i2(s)) 
This finishes the proof of the Lemma. □ 



5 Position estimates 



To get estimates on the position of the approximating sphere, we exploit the 
translation sensitivity of surfaces satisfying 

LH + ^H^ = XH. (5.1) 
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As it turns out, this position estimate is a delicate matter. The goal is 
to obtain an estimate for r = \ae\/Re where and Re are the center and 
radius of the approximating sphere constructed in proposition 4.1. In fact, 
we subsequently prove the following theorem 

Theorem 5.1. For all m > 0, rjo and a there exist tq < oo, tq > and e > 

with the following properties. Assume that {M,g) is {m,ri, a) -asymptotically 
Schwarzschild with t] < r]o and 

|*-^Sc| < r]r-\ 

Then ifT, is a surface satisfying equation (0.1) with H > 0, X > 0, rmin > ^'o 
and 

r < To and Re < er"^^^, 

then 

r < C^r-^. 

Note that the assumptions of theorem 5.1 imply the assumptions (4.6). We 
will therefore take tq large enough to be able to apply the estimates derived 
in section 4. 

Theorem 5.1 follows from proposition 5.3, which states that under the as- 
sumptions of theorem 5.1 we have in fact 

for some constant C depending only on m, tjq and a, whenever tq is large 
enough. Assuming that Tq < 1/2C yields the claim. 

The crucial ingredients for this estimate are the quadratic structure of certain 
error terms, the translation invariance of the functional U with respect to 
the Schwarzschild background, the Pohozaev identity, and the contribution 
of the Schwarzschild geometry to break the translation invariance. We split 
the proof of the theorem into the following subsections. 

5.1 Splitting 

Integrating the Gauss equation on S yields 
87r(l - g(S)) = >V(S) - W(E) - V(S), 
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where q{^) is the genus of S and 
:= J \A\^dfi, 

V(S) :=2 / G{u,u)dfi, 
Jt, 

where G = *^Rc — \^''^cg is the Einstein tensor of M. Denoting by 5f the 
variation induced by a normal variation of S with normal velocity /, we 
infer from the above relation that 

SfWiT) = (5/W(S) +5jV(S). 

By assumption we have 

5/W(S) = A / i//d/i, 

hence 

A J Hfd^ = 5fU{E) + SfV{E). (5.2) 

By a fairly straightforward computation (given all the expressions in sec- 
tion 2), we find 

5/W(S) = - ^ 2l'^ Vj/ + 2/i^^-^^Rc5 + fH\A\' d/x. (5.3) 
5.2 The variations of W in (7 and 

Here we compute the difference of the variation of U with respect to g and 
to g'^, that is the error when changing the metric. 

To do this, we restrict to the special case where 

^ g{i^, h) 
J ^ , 

and b = y^, where Oe is as in proposition 4.1 and u is the normal of S with 
respect to g. Thus, up to the factor of H~^, the function / is the normal 
velocity induced by translating E in the direction of b. We also define 
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where if'^ is as in proposition 4.9. As |z/— z/'^| < Crjr ^ and\\H—H^\\Loa(^Y.) < 
Cr'^ni'^ + ^r^r) we find that 

\f-f\<C{r + ^r~^^). 
Before we proceed, we compute the first and second derivative of /. 

V,/ = H-^ {g{VA u) + g{h, ^e^)) - H~^V,Hg{b, u), (5.4) 
and hence, as |V6| < Cr'"^, we find that 

/jV/lM/. < C|^(r- + ^ + ^) d/. < Cr^,. 

The second derivative of / is given by 

= -A'^Ajkf + 2H"^S7,HVjHg{b, v) - H'^Vl^Hg{h, v) 
+ {g{ViVjb, u) + giy.h, efc)4 + giy ek)A\ + ^ ,A\g{h, e^)) 
- R-'' {W,HigiW,b, p) + gib, eu)A)) + W.HigiVA u) + g{h, ek)Al)) . 

In view of our estimates and the rapid decay of Vfe, V^6, VH and V^H, the 
first term on the right hand side of this equation is one magnitude larger 
than the other ones. However, the main contribution is in the trace of V^/. 
We will not have to consider the trace part, as V^/ is contracted with the 
traceless A in equation (5.3). The traceless part (V^/)° can be estimated as 
follows 

/ |(VV)Td/i <C [ r-M/i < Cr-f„. (5.5) 
Je je 

Note the jump in decay rates compared to the L^-norm of |V/|. Finally we 
need to calculate the second derivative of 

Vf Vf =(//^)"H/(VfVf 6, u') + /(Vf6, e,){A'r^ + /(Vf 6, e,){A')^ 
+ Vf(A^)f/(6,e,)) - {A')UA%,f. 

We are now in the position to examine 

\6fU{E) -6fsU^E)\. 

We will do this in detail, as this requires some care. First, consider the first 
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term in equation (5.3): 



El 



(wn d/i - / /(A^((v^)^7nd/i 



72\S f\0\ 



< 



/)(i,(VV)°)d/. 



+ 



g'{A-A',{V'mdfi 



+ 



+ 



/(A^(vvn(d/i- d/ 



S\2 fS\0\ 



The first three terms can be estimated using the asymptotics of g and the 
curvature estimates from theorems 3.9 and 3.11. 



2 

min 



\A\\{y'ff)\ + (r-^ + |A|)|(VV)°)I + \A'\\{y'ff)\ d/x 

< c^r^Lll(vV)°IU^(E)(Piu. + r^Usr/^) 

Using again the fact that we are contracting with the traceless second fun- 
damental form and the above equations for the second derivatives of / and 
we see that we can estimate the last term for Ei, denoted by E\, by 

El<C j \A'^\H-WVH\\Vh\ + \VH\\A\ + \V^H\ + H-^\VH\^) d/z^ 
\A^\\H-H^\ 



+ C 



V%\ + \Vh\\A\ + \VA\+H\A\)dii'^ 
+ [ \A^\\g{V.V,b,u)-g'i\/fVp,u')\ 

+ \A'\\g{V,h, eu)A) - g'iVfb, e,)(A^)J| 



(5.6) 



+ \A'\\g{V,b,e,)A>^ - g'{V'b,e,){A')^\ 



+ |A^||V,Af^(6,e,) - Vf(A^),V(^e,)|d/i^ 

+ C f \A'\\{A^A,,rf - {{A')',A%ff\df^'. 

By the curvature estimates from section 4 the terms on the first two lines in 
equation (5.6) are estimated by 

C'||i^lU^(s)Kin||VA|U.(s) + rLj|V^i/|U.(E) +r„.in||V(logi7)||i4(s) 



l|V'6||L^(E) + r 



2 

min 



L2 + r 



-1 



in 
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We estimate the terms on the last five fines of equation (5.6) seperately. The 
third fine yields 

< ^1^^1(1(^7 -/)(V.VA^^)I + |/((V.V, - VfVf)&,^.^)| 

+ |/(V.V,6,i/-i/^)|)d/ 

The fourth and fifth line of (5.6) are estimated as follows 
|i^||^7(VAefc)4-/(Vffe,e,)(A^)5|d/i^ 

< ^ \A'\ dig - /)(VA e,)4| + |/((V. - Vf)6, e,)iA')^\ 

+ |/(VAe.)(4-(A^)?)|)d/x^ 

For the sixth line of (5.6) we get 

lA'^Ub, e,) - /(6, e,) Vf (A^)?| d/i^ 

< / |i^|(|(5-/)(^e,)V.4| + |/(6,e.)Vf(4-(A^)5)| 
Jn 

+ !/(&, e,)(V.-Vf)4|)d/i^ 
It remains to estimate the last line of (5.6) 

<C [ \A'\{\A^A,,\\f-f\ + \A-A'\\A\\f\)d^^' 

< Cr-l{T + ,/Tjr-l). 

Combining all these estimates we arrive at the estimate for the first error 
term 
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Similarly, the second term in equation (5.3) gives the error 



o o c 



< I |A- A^'||Rc^'||/|d/i+ / |A^||Rc^- (Rc*y^'||/|d/i 



-.S\T\ 



i^||(RcYll/l|d/i-d/.^|+ / |i^||(RcYll/-/"|d/x^ 
And the third term in equation (5.3) contributes 



fH\A\^dfi- [ /^i/^li^pd/i^ 
Jt, 

<C [ \A-A^\\A\dfx + C [ d/i - d/i^l d/i 
Jt, Jt, 



C I IpH'' -g^{b,u'')\\A^\'dfi' 



<Cr-Ur + Vv)- 
In summary, we find that 

\6fm) - 6fsU'{J:)\ < Cr-l{T' + rr-l + ^r-l). (5.7) 

As the functional is translation invariant, due to conformal invariance 
and conformal fiatness of g^, we find that 

SfsU^iE) = 



and hence 



(5.8) 



5.3 The left hand side of (5.2) 

Here we estimate the left hand side of equation (5.2). By our choice of test 
function this becomes (omitting A for now). 



g{b, v) d/i. 
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First, we estimate the error when we take all quantities with respect to the 
metric . 



g{h, v) d/i-^/(6, z/^)d/i' 



< IJg-g^\dfi 



h'-h'^\dfi+ / \dfi - dfi^\dfi < Ct]. 
E is 



Then we insert the relations from lemma 1.1 to compute 

/ g'{b,u')dfi'= [ 0V(&,i^^)d/i^ 

= / (l + ^ + lower Older) g'^ib, v") dif. 

We deal with the highest order term first. Note that by translation invariance 
of the volume enclosed by E in Euclidean space, we find 



/(6,i.^)d/i^ = 0, 



(5.9) 



and hence 

I g^{b, z/^) d/i^ = f [^ + lower order) g^{b, v^) d^f. 
JT. Jt ^ 

The lower order terms are of the form c^r"'^ where Ck depends only on m 
and k = 2, . . . ,6. We can replace r by Re in these integrals, and in view of 
proposition 4.1 and theorem 4.5 we find that 

\r^'-K'\<Cr~l{r + ^r;^l). 

Since k >2, we can estimate all resulting error terms by 



E 

k=2 



Ck Ck 



The remaining integrals satisfy 

Ck 



g%b, u^) d/i" = 



due to relation (5.9). Combining the above calculations, we find that 



/ g{b,u)d^^- / ■^g\b,^')dii^ 
's Jt 
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r-r-i II 

The estimate on ||A||l2(s) allows us to change the domain of integration to 
the round sphere S := SR^{ae), and change z/^ to N, the normal of S while 
introducing only an error estimated by C(r + a/^t"?^). The corresponding 
integral on the sphere can be computed using the methods introduced in the 
proof of proposition 4.2. The result is (see appendix A.2) 

I ^g%b,N) dfi^ = -4:7im\ae\. 
Js 

Hence, collecting the error terms acquired on the way, we find 



Hf d/i + 4:7im\ae 



s 



<C{T + ^r-l + r^). (5.10) 



recall that |A - ||| < C{rJ^{T + ^/nrJJ), whence 



A / Hfdfi 



E 



where 0=1 + Rs = 4>'^Re as in proposition 4.2 and we used the 
definition r = \ae\/Re- 



5.4 The Pohozaev identity 

Before we study the variation of V, we recall the (geometric) Pohozaev iden- 
tity. To this end we denote the conformal Killing operator by 

VX ■.= Cxg-^tTiCxg)g 

where X is a vector field on M and Cxg denotes the Lie derivative of g with 
respect to X. Let Q G M he a. smooth domain with boundary S and let dV 
be the volume form of M. Then the Pohozaev identity^ can be stated as 

- [ {G,VX)dV-- [ ^^ScdivXdV = I G'(X,z/)d/i. (5.12) 
2 in Q Jn is 

This identity can be seen as follows: In local coordinates we have 

{VX)ki = VkXi + ViXk - ^ div Xgki 

^In the literature (see for example [19]) the Pohozaev identity is usually stated for the 
trace-free Ricci tensor, not for the Einstein tensor. For our purposes however, it is more 
convenient to write it in terms of G. 
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and therefore 

^ f {G,VX)dV = ^ I {g'''g^'G,,{VkXi + ViXk)-'^-GudwXyv 

= - / (diYG,X)dV + - [ ^^ScdivXdV 
Jn 6 

+ J^G{X,u)dfi, 
which proves (5.12) since G is divergence free. 

Lemma 5.2. Let H he a surface as in theorem 5.1 which hounds an exterior 
domain VL, and let h eM? he a constant vector. Then 

[ G{b, v) d^ 



Proof. Consider the vector field b, where 6 G M'^ is constant. Then 6 is a 
Kilhng vector field in fiat and hence a conformal Killing vector field with 
respect to . Denoting by the conformal Killing operator with respect 
to , we thus find 

V^b = 0. 



With respect to the general metric g, this implies the decay rate 
\Vb\ < Cr/r-^ 

since |V — V"^] < Gr]r~^. The other terms in equation (5.12) have decay 
|G| < Cr-3, I^^ScI < Gr]r-\ and | div6| < Gr-\ 

Let 5*0- be a coordinate sphere of radius a outside of S and let fig. be the 
domain bounded by E and S^j. The contribution of 5*0- to the boundary 
integral in equation (5.12) decays like and thus we infer that 

/ G{b,iy)dfi= lim (-- / {G,Vb)dV + - [ ^'Scdwbdv] . (5.13) 
Je <^^°° V 2 if^^ 6 Jq^ J 

The sign of the right hand side is different to (5.12), as our conventions are 
that u is the outward pointing normal to S which points into Q. 

The integrand in the volume integral decays like Grjr'^, which implies via 
lemma 1.5 that the integral can be estimated by Grjr^f^ as claimed. □ 
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5.5 The variation of V(S) 

The variation of V can be computed to be 

i5/V(S) = / /(V.G(z/, v) + HG{u, u)) - 2G{u, V/)) d/i. (5.14) 

Since G is divergence-free we calculate 

V,G(z/, u) = divGiu) - Ve,G(z/,e,) = -Ve,G(z/,e,) 
= - Ve/'Rc(z/,e,) 

= - ^divcj + *^Rc(/iifcefc, e^) - H^^Rc{u, v) 
= - ^divu - H^^Rc{u, u) + Aik^^Rcik 

+ ii7(^^Sc - ^^Rc(z/, v)) 

= - ^divu + (i, G^) - ii/^^Sc - |ifG(z/, z/), (5.15) 

where, as usual, cu = *''^Rc(z/, ■)-'" = G{iy,-)'^. Inserting this into (5.14), we 
find that 

i5;V(S) = JjiA G^) - fdivuj - \fHG{v, v) - i/i/^Sc - 2^(V/) d/i 
= /" -i/i7G(z/,z/)-i/i7^^Sc + /(i,G^)-^(V/)d/i. 
We specialize again to the test function 

^ H 

for a fixed vector b G M'^. In the expression (5.4) for V/ we can split 

O -. 

A = A + ^H'f and obtain 

VJ = {g{VA ^) + gih, e,)A> - log Hg{b, u)) + lg{b, a). (5.16) 
Inserting this into equation (5.14), we find that 

|5/V(S) = ^ -\fHG{v, v) - IfH^'Sc + f{A, G^) - \G{v, b^) 

- H-^uj{e,) [g{VA y) + 9{^. e,)i^' - log Eg{b, v)) d/i 
= / -\G{b, v) - \g{b, u)''Sc + H-'g{b, v) (i, G^) 

- H-^ei) {giWA I') + gib, ej)^ - log Hg{b, v)) d/i. 
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(5.17) 

It is this expression for SfV which will give rise to the position estimates. 
We will thus spend some time on understanding the error terms. Because 
of propositions 4.3 and 4.5 we have the estimate 

J^H-'(\{A,G^)\ + \u;\\A\ + |^||Vlogi/|) d/x < Cr'^r^ + r/r'^J . 

Note that proposition 4.3 implies that || (G^)" 11^2(2) < Cr~f^[T^ + ^^mL)- 
Assuming that I'^^Sc] < r]r~^ we find that 



M 

E 



Sc dji 



< Crjr 



3 

mill' 



Lemma 5.2 implies that the first term on the right hand side of (5.17) is also 
estimated by C?7r~fj^, so that the only term which yields a contribution of 



order r^^^ is 

/ H~^uj{ei)g{Vefi,iy)dn. 

JT. 

We will explicitly evaluate this term. To this end note that 

H-^u{e,)g{yeb,u)dii- [ (i?^)-iRc^(ef , i^^)/(Vfs6, z/^) d/x' 
< Cr^nir + VV) 

where is the quantity from corollary 4.9 and ef constitute a tangential 
ON-frame with respect to the metric induced by . This estimate follows 
since the integrand scales like and the transition errors to Schwarzschild 
decay at least one order faster and have factor 77. Furthermore, the replace- 
ment of H by introduces an extra error term of the form Cr~fj^(r + 
y^r~?jj). We calculate, using that D^b = and the transformation proper- 
ties of the Christoffel symbols under a conformal change of the metric (see 
for example [20]), 

Vfsfo = 2r'{eU<f>)b + b{<f>)ef - D^<jyg^{b, ef)), 

which implies that 

777 

Here ef = 0^ef is a tangential ON-frame with respect to the metric induced 
by g^. Furthermore, the formula from lemma 1.1 yields that 

m 



Rc'{u',ef) = -3'-^^-'g^{p,u^)g^{p,et). 



r 
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Multiplying these terms gives (note that we sum over i = 1,2) 
Rc^(i/^,ef)/(V^s&, ly"") 

9 

Tf) 

= 3— 0- V(P, ^'^) - /(P, i^lg^ib, p)) . 



As in the proof of proposition 4.2, we replace the integral over S by an 
integral over S = Sfi^{ae) while introducing error terms of one order lower. 
This implies that 

-/(p, N) N) - /(p, iV)/(6, p)) d/.^ 



<Cr-f,(r + y^), 



where is the Euclidean normal vector to 5* and = 1 + the quantity 
introduced in proposition 4.2. The first integral can be evaluated explicitly, 
where we again introduce coordinates d^ip in which g'^{b,N) = cosip. As 
p = r~^{RgN + Oe) we can express this integral by 

Sm^ r 1 



3m2 



I ( T3 cos(p , I I cos^ y I |p2 1 /'I?3iO|„ |2p \cos^ 



=2 



- (|ae|^ + 2\a,\RiY-2^ - \a,\'R,^^^ d/i^ 

Explicitly evaluating these terms (see appendix A. 3), we obtain the following 
expression for Q. We already substituted r := \ae\/Re'- 

m^TT 3(r6 - 3r^ + 3r2 - 1) In + Gr^ - IGr^ - 6r 
" A4>mSRl r2(l + r)3(l-r)3 ' 

To analyze this expression we set 

3(r6 - Sr"^ + 3r2 - 1) In + 6r^ - IGr^ - 6r 

^(^' - r^(i+;)3;r-.)3 ■ 

Recall the Taylor expansion of the function In 

= -2t -\r' + 0{t% 
1 + r 6 
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for small r. Thus we find that the numerator in equation (5.18) is 

3(3r2 - l)(-2r - ^r^) - 16r^ - 6r + O(r^) = -32r^ + O(r^) 
Hence we get that 

SvrmV 0(r2) 



Q(r,i?) 



for small r. In summary, the above computation implies the following esti- 
mate 



< C'^mhi + ^^mhi + V^'^mL) " (5-19) 



5.6 Position estimates 



Theorem 5.1 is a consequence from an iterative application of the following 
proposition. 

Proposition 5.3. If{M,g) and S are as in theorem 5.1, then 
Proof. We computed in section 5.3 that (cf. (5.11)), 



in section 5.2 that (cf. (5.8)), 
and in section 5.5 that (cf. (5.19)) 



5/V(S) 



Inserting these equations into equation (5.2) we find, after absorbing the 
lower order terms on the left into the error terms, that 

247rmV <C{r^ + rr^^, + v^r^L) , 
which is the claimed estimate. □ 
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5.7 Final version of the curvature estimates 



In this subsection we state our final version of tlie previous curvature esti- 
mates. 

Theorem 5.4. For all m > 0, ?7o and a there exist tq < oo, tq > 0, e > 0, 
and C depending only on m, a and rjo with the following properties. 

Assume that {M,g) is {m,ri, a) -asymptotically Schwarzschild with rj < tiq 
and 



Sc| < rjr' 



Then if is a surface satisfying equation (0.1) with H > 0, \ > 0, r^nm > 
and 

T <To and Re < er"^-^^, 

where Re and r are as in section 4, we have the following estimates 

\\H - H'^Wlo. + \\A\\l^ + r^inllVi/IUoo < C^r-l. (5.20) 

Here = ^ ~ 0l? '^'^^^ = 4>^Re and = 1 + 2^- Furthermore, we 
have that 



-2 



pWl^ < C^T^^. (5.21) 



This implies, 

||A + Rc(i/, i/)||loo + ||Rc(z/, I/) + 2mi?^^||Loo < C^r~* 



mm' 



_4 (5-22) 



mm' 



Proof. Tfie estimates in (5.20) are straight-forward consequences of the es- 
timates in section 4 and the position estimate 5.1. The estimate for the 
gradient of the traceless second fundamental form is proven similarly as in 
lemma 4.10. To prove (5.21) note that we can calculate the gradient of 
u — 0~^p as follows. We let be a vector tangent to S and calculate 

Ve,i^= \Hei + A{ei,-). 

Since 0~^p is the normal to 5*^(0) in the Schwarzschild metric, and 5*^(0) is 
umbilical in this metric, we find that 

V2(rV) = |^5(r)(e.-/(e„p)p) 
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for Hs{r) = (j) —2(f) We calculate further and find 

g^{ei, p) = {g^ - g){ei, p) + g{ei, p - ^V) + g{ei, 

Note that the last term vanishes. In view of the estimates in (5.20) and 
definition 1.2 we thus have 

I V(i. - 0-2p)| < C{r-^,\g - /I + I V - V^l + |i| - Hs\ 

+ \Hs-Hs{r)\+r^l\u-r'p\) (5.23) 

Proposition 4.3 then yields that 

\\V{u-<p-'p)U.<C^r-l 

We can now use the Michael-Simon-Sobolev inequality, proposition 1.8, to 
get L^-estimates 

lk-0~VllL4 < C^r'H'^. 

Together with equation (5.23), this implies L^-bounds for the derivative of 
u — (p^'^p. Thus an obvious modification of theorem 5.6 in [11] then yields 
the desired L°°-estimate: 

lk-0~VllL- < C'v^r^L- 
The estimates in (5.22) easily follow from (5.21). □ 

6 Estimates for the linearized operator 

In this section we show that the linearized operator Wx = W — XL is invert- 
ible. 

6.1 Eigenvalues of the Jacob! operator 

To fix the notation let Ui be the i-th eigenvalue of the negative of the Laplace 
operator on S^, where we count the eigenvalues with multiplicitites, i.e. 
z/q = 0, 1^1 = z/2 = = 2, 1/4 = . . . = z/g = 4 and z/j > 4 for i > 9. We 
denote by 7f the eigenvalues of the negative of the Laplace operator on S, 
with respect to the Euclidean metric. We will need the following estimate 
from [4, Corollary 1]. 
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Theorem 6.1. There exist constants Ci such that for every surface S as in 
theorem 5.4 there holds 



-4 
min 



Proof. Note that by theorem 5.4 and lemma 1.3 we have that 

Scahng the estimate in [4, Corollary 1] gives the result. □ 

It can be checked from [4] that 

Q < Cui , (6.1) 
where C does not depend on i. 

In the following we let := (p'^g'^ be a uniform Schwarzschild-reference 
metric on S. Thus A'^ := = (p'^A^" and we denote the eigenvalues of 
-A^ by 7f . 

Corollary 6.2. For any surface S as in theorem 5.4 we have the estimate 



4 

min' 



To compute the eigenvalues of the Jacobi operator on E we aim to compare 
it with the operator 

La:= -A^a- {1{H^Y - X)a. (6.2) 

Let the eigenvalues and eigenf unctions of L and L be denoted by /Xj, ipi and 
fiiyi^i, respectively. Note that 

/x, = 7f-i(^^)' + A. (6.3) 

Lemma 6.3. For any surface S as in theorem 5.4 we have the estimate 

l/ii - <C{\fii\ + r-^„)v^r-2^ . 

Proof. We use the following characterization of the i-th eigenvalue 

fii = ml sup —7. — -— — , 

VcWi'2(E) ^ey j^ip'^ dii 

dim(y)=i+l 
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where V is any linear subspace of W^''^{T,). Let ip G W^''^{T,) with J ip"^ dfi^ 
1. We estimate, using (5.20) and (5.22) 



< J -film' -X)d^, + C^r-l. 



(6.4) 



In the following we repeatedly use the estimates from definition 1.2 and 
lemma 1.3. We can estimate the first term on the right hand side by 



< J mis df,' + Cvr-l J mlsd^^' (6.5) 

< J \V^\lsdfi' + Cw^^j \v^\]sd-^', 

where we used the conformal invariance of the Dirichlet energy from the 
second to the third line. The second term on the right hand side is estimated 
similarly by 

+ Cvr-ll ^'\UH'r-X\df.' (6.6) 
<-/ ^'(i(^")'-A)rf/i^ + Cv/^r-t 
where we used that dfi^ = {(j)/(f)YdJi^ and 



t-l 


< Cm 


1 1 


C ( 


_ Vv\ 




< — r^ 









'"mill V 





2 

min' 



(6.7) 



by proposition 4.1 and theorem 5.1. Now 

< J ipLip dji^ + Cr"^ 
Combining (6.5), (6.6) and (6.7) we see that 

j^L^dfi<{l + Cr]r-l) j ^L^ df + C^rJ,. (6.8) 



mm' 
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Moreover, by arguing as above, we have the estimate 



Lp^ dfji — \ 



Combining this with (6.8) and the variational characterization of the eigen- 
values, we see that 



The reverse inequality follows from a similar calculation, interchanging L 
and L. □ 

Prom theorem 5.4, (6.3) and lemma 6.3 we get the following 

Corollary 6.4. For any surface S as in theorem 5.4 we have the estimate 



^5 



< C(l + iy,)^r-i + Cr-l + Cu,^r-l. 



6.2 The linearized Willmore equation 

In the following we aim at proving a positive lower bound for the first eigen- 
value of the linearization of the Willmore equation with prescribed area. We 
start by recalling the expression (see (2.15)) 



aWxa d/i = / aWa — XaLa d/i 
E is 

= / {Laf - XaLa + iH^lVal"^ - 2HA{Va,\/a) 
Jt, 

+ a^dVHl"^ + 2uj{VH) + HAH + 2{V^H, A) 
+ 2H^\A\'^ + 2H{A, T) - HV/'Rc{u, v) 
-\H^\A\^ -\H^''Rc{v, v))d^i. 
Integration by parts of the third term on the right yields 

]- [ H^\Va\^dfx=l [ a^{\VH\'^ + HAH) - H'^aAadfx. 
^ Jt. ^ Jt, 

Together with La = -Aa - a{\A\^ + ^''Rc{u, u)) and (0.1) this yields 
aWxa d/i 

j {Laf + \H'^aLa- \aLa-2HA{S/a,Va) 

+ aW\VH\'' - |(//2|i|2 + H^^'Rc{u, v) + XH'') + 2i^{yH) 
+ 2(V^i/, A) + 2i72|i|2 _,_ 2H{A, T) - iJV/^Rc(z/, v)) d/i. 
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To understand the last term on the RHS above we recall that the Einstein 
tensor is divergence free and (5.15), which implies 

V/'Rc{u, v) = -Ve,G(i^,e,) - ^V/^Sc 

= -^divcu + {A, G^) + ii/^^Sc - |i7^Rc(z/, v) - IV.^Sc. 

(6.9) 

Note that 

\ [ H^aLadfx= ^ [ {Ha)L{Ha) + a^H/\H + H{S/H,V{a^)) d/i 

{Ha)L{Ha) - a^lVHl"^ d/i. 



_ 1 
~ 2 

Putting all together we arrive at 



s 



aWxa d/i 

= J La{La - 3\a) + \ {{Ha)L{Ha) - 3\{HaY) + 2\aLa ^q-^ 

-2HA{Va,Va) + a^{\VH\^ + ^H^\A\^ + 2{V^H,A) 

+ H{A, T) - |ij2A/Sc + ii/V/^Sc + i/^divcu + 2uj{VH)) d/i. 

We decompose ly^'^(S) using the eigenspaces of L, more precisely con- 
sider the L^(S)-orthonormal decomposition ly^'^(E) = Vq © Vl © V2 where 
Vo = span{v9o}, Vi = span{(y9i, 772, Va}, V2 = span{v94, v^s, • • •}• For any 
a G ly^'^(S) let ao, ai, 0^2 be the respective orthogonal projections on these 
subspaces. Our aim is to show that / aW\a is positive on Vg^. 

Lemma 6.5. For any surface S as in theorem 5.4 we have the estimate 

! La{La-?,\a)+2\aLad^i>{2Am^Rs^-C^r^^-Cr^^) I aM/i 
is Jt, 

for all a G Vq^ . 

Proof. This follows from the estimates on the eigenvalues of L in corollary 
6.4 and theorem 5.4. □ 

Lemma 6.6. For any surface S as in theorem 5.4 we have the estimate 
J {Ha)L{Ha) - "iXiHafd^i 

> -C./^r7r!n ^ "1 + i'^mL ^ I Va2p d/i + ^r-f^ ^ 
/or a// a G Vg^ . 
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Proof. We can write 



{Ha)L{Ha) - 3X{Hay dfi = / {Hai)L{Hai) - SXiHaiY dfi 



+ 2j {Hai)L{Ha2) -3\{Hai){Ha2)d^ 
+ I {Ha2)L{Ha2)-3\{Ha2fd^i, 



and we denote the terms on the RHS by (z), {ii) and [iii). Note that we can 
always estimate 



\{Hai,ipj)L2{E)\ 



Haiipj d/i 



< jjH-H'\\a,\ \^,\ d/i < Cv/^r-f„ (^j^ a} d/x^ 



1/2 



(6.11) 

for z 7^ j. So we see 

(0 — ^1/^0 — 3A| / |(i/a;i)oP d/i — max — 3A| / I (ifai)y± 1^ d/i 
Je i=i,2,3 

> -Cr/r-f^ j^aldfi- C^r'f^^ \ {Hai)yi^ \ ^ d/i 
>-Cw^r. I aldf,-C^r^tn( [iHa,)'dfi + Cvr~l [ a? d/i 



> -C^'^mfn / tt? d/i - C^/^r / a? d/i. 
7s Je 



(6.12) 



To estimate (ii) we write 



(u) > -2|/io-3A| / \{Hai)o\\{Ha2)o\di2 
7e 

— 2 max l/i,- — 3A| / I (i/ai) 1 1 (if 0:2)1 1 d/i 

i=l,2,3 

+ 2 / (iiai)2(L-3A)(iia2)d/i 
Je 



(6.13) 



> —Crjr 



mfn ( d/i 



1/2 



a; 



d/i 



X 1/2 



2 y (iiai)2(L-3A)(ifa2)d/i. 
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For the last term in (6.13) we write 

3 3 

{Hai)2 = Hai - ^{Hai, (pj)(pj = ^pjipj, 

j=0 j=0 

where Pj = H{ai, (pj) — {Hai, ipj). Note that 

1/2 



and 

3 / N 1/2 

E 

Then 



2 / {Ha^)2{L-3\)iHa2)dfi 

= 2 J i^Yl^(3j^3^^^Ha2)^ - {Ha{)2{Ha2){\A\^ + '''Rc{v,v) + ^\) d/x 



(6.14) 



where we used in the last step that \'Vipj\'^dfi < Cr^^ for < j < 3. 
This follows from 



/ |V(/?jfd/i= / ipjLip,+ip^j{\A\^ + ^^Rciu,u))dfx 



^ ( . 1^1^ J/^il + C'^mL) / "P] d/i 
J=0,l,2,3 Jj. 



(6.15) 



— mm 
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Putting (6.14) and (6.13) together we see 

{ii) > -Crie-'r-l j ald^^-erJ^ ! aldfx-e f | V(i/«2) T d// 

-Cve-'r-l I ald^i-er^^ I ald^-2e I H^\Va2\^d^i (6.16) 



> 



for an arbitrary e > 0. 
For the term (in), we see 



(zn) > — |yUo — 3A| / I (iJa2)o|^ d/i — max \fij — 3X\ / I (iJa2)i 1^ d/i 

+ y (iya2)2(iv-3A)(ifa2)2d/i 

>-C^vf„ [ aldfi+ [ {Ha2)2iL-3X){Ha2)2dfi. 
Jt, Jt. 



If /3 G V2 and 5 > are arbitrary, we have the estimate 

/3(L-3A)/3d/i = /" (5|V/3p + /3(L + (5A-3A)/5d/i 



= / 5|V/3p + (1 - 5)I3{L - 3A)/3 - + *^Rc(z/, i/) + 3A) d/i 

>5 / |V/3pd/i + (l-5)((i.4-2)i?^2-Cv/7/r^fJ / /^M/i 

>5 / |V/5|2d/i + (l-45)r-f, /" /^M/i. 
With (3 = (7^02)2 and 5 = 1/5 this yields 

{ill) > -Crir~l j^aldfx + ^j^ \V{Ha2)2\^ d/i + K'l \ {Ha2)2\^ d/z 
> ^'^mL / I Va2p d/i + ^r-f„ / al d/i, 



(6.17) 

where we used that 

/ \{Ha2)2^ dn = / H'^a\dji- / | (ifa2)o|^ + | (-^^"2)1 1^ d/i 



> / i72«2^/i-Cr/rJ^ / a2'd/i>3r^f„ / d/, 
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and 



3 



> 



> 



i/"|Va2|M/i-C / \VH\'^aldn-Cr]r 



-8 
mill 



0^2 d/i 



> 2r: 



I Va2|^ d/i — Crfr 



8 

min 



ttg d/i. 



Combining the estimates for (z), (zz) and (mz), and choosing e = 1/100 and 
To big enough we arrive at the claimed statement. □ 

Theorem 6.7. In addition to the hypotheses of theorem 5.4, there exists rjo 
and ro, depending only on m, a and e such that on such a surface E it holds 



aWxa d/i > Um'^Rf I d/i 



for all a G Vf^ . 

Proof. By lemma 6.5 and lemma 6.6 we only have to check that the remain- 
ing terms in (6.10) have the right decay. First we note that by arguing as in 
the estimate (6.15) we get 



|Vaipd/i < Cr 
Thus we have 



2 

min 



a\ d/i. 



/ 2i/i(Va, Va) d// <Cyfqr^^ I | Vaip + | Va2|' d/i 

< CVvrJ,, (r-l j^o.U^^ + I Va2p d/i 



We rewrite 



/ 2a'^{V'^H, i) d/i = - / AaViaVjHAij + 2a'^{VH, div A) d/i. 
is is 



Furthermore 

' 2a^VH, divi) d// 



Jt. 



< Crjr 



8 

min 



d/i, 
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and 



Aa'ViO'VjHAij djj, 



< Crjr 



mL ( a' d/i 



^ + ^ I ^^"2 P d/i^ 



In view of the estimates of theorem 5.4 we find 



+ i/^divcu + 2uj(yH)) dfi 



Altogether this finishes the proof of the theorem. □ 
6.3 Invertibility of the linearized operator 

In this subsection we show that the linearized operator Wx is invertible. In 
order to do this, we need good estimates for the projection of a function 
onto Vq. We start with a different calculation for the first eigenvalue /xq of 
L. 

Lemma 6.8. For any surface S as in theorem 5.4 we have the estimate 

\fio + \A\^ + "Rciu,u)\ <Cv^r-f,. (6.18) 

Proof. From theorem 5.4 we know that 



m-\A\'\<Cy^r-l 



and 



2 4m 



mm 



Combining these two estimates with theorem 5.4 and corollary 6.4 we get 



Ho + \ A\' + ^'Rc{u, iy)\ < 



3A 



2^2 6m 

Rg Rg Rg 



□ 
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Next we prove a H^^'^-estimate for the eigenfunction of L corresponding to 
the eigenvalue /xq- 

Lemma 6.9. Let 11 he a surface as in theorem 5.4 and let u G C°°(Z1) he a 
solution of Lu = fiQU. Then we have 

/ |M-M|^d/i + r^i^ / |VM|M/i + r|;i,, / |V\|M/i < Cv/^r^f^||u||i2(s), 
Jt, Jt, Jy. 

(6.19) 

where u = nd/i. Moreover we have the pointwise estimate 

\\u - n|U^(s) < Cr]'^'r^M\LH^)- (6-20) 

Proof. By a scahng argument we see that we can assume without loss of 
generality that ||ti||L2(2) = 1- Using the definition of L and lemma 6.8 we 
get 



/ |VM|^d/i= / uLu + u^{\A\^ + ^'^Rc{u,u))dfi 
Jt, Jt. 

= [ n2(^o + |^|' + *'Rc(z/,i.))d/i 
Jt 



< Cy/rir\ 



-A 



In view of theorem 6.1 there is a Poincare inequality on S with constant 
close to the one on S\. This yields 



j^\u- d/i < ci?||| VM||i.(s) < C^r^^. 

Similarly as above we calculate 

f |Au|M/i= I {Luf + 2uLu{\A\^ + ^^Rc{v,v)) 
Jt Jt 

+ u2(|A|2 + ^'^Rc(z/, z/))'d/i 

= / n2(/io + |A|2 + A^Rc(i.,z/))'d/.. 
Jt 

Hence, again by lemma 6.8, we get the estimate 



I Am|^ d/i < Crjr'^ 



'T 
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Integrating by parts and interchanging derivatives as in (3.2) (note that by 
doing this we get an additional Gauss curvature term from which we now 
know that it is positive) we conclude 

/ |V\pd/i< / |AMpd/i < Cv/?/r-f^. 

JT. JT. 

Lemma 4.7 and the previous estimates now give 

Ik-^lli-(s) < / In-npd^ / |V\p + i/>-npd/i < Cr/r-f„. 

JT. JT. 

This finishes the proof of the lemma. □ 

In the following lemma we show an L^-estimate for solutions of W\u = f. 

Lemma 6.10. Let 6 > 0, let H he a surface as in theorem 5.4 and let u G 

C°°(S) he a solution ofW^u = f with /^(/ — /o)^d/i < (5i?5^^||M||^2(s)j where 
/o and uq are the projections of f respectively u onto Vq. Then we have 

\\u-u4l2(^^) < C(v^ + V7/ + i?^i)||n||i2(s). (6.21) 

Proof. By a scaling argument we see that we can assume without loss of 
generality that ||m||l2(e) = 1- Next we combine our assumption with equation 
(2.14) and the fact that Luq = HqUq to get 

Wx{u - uo) =f - /io%(/io + - A) + 2H{A, V^uq) + 2Hu;{Vuo) 

+ 2i(VMo, VH) + uo{\VH\^ + 2uj{VH) + HAH 

+ {V^H, A) + 2H^\A\^ + 2H{A,T) - HV/'^Rc{u, u)). 

(6.22) 

With the help of theorem 6.7 we conclude 

[u - Uo)Wx{u - Uo) dfj. > l2m'^Rg^ {u - u^f d/j.. 

JT 

To get an upper bound for this intergral we multiply equation (6.22) by 
{u — uq) and estimate term by term. We start with the term involving / 

f{u- Mo) d/i 



T 



if - fo){u - Uo) d/i 
<m~'Rl I {f-fo)'dfi + m'Rf [ {u - Uo)' dfi 

JT JT 

< C5Rf + m^Rf j {u- uof d/i. 
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Next, using a variant of lemma 6.8, we estimate 
j fioUoilJ^o + - \){u- uo) dfi 

Jt, Jt. 
< m^Rf j {u- UqY d/i + Cr]Rg^. 

Now we estimate all terms containing derivatives of uq. By arguing as before 
we see that we only have to bound the term 



Cm'R% / H'\A\'\W'u^\' + \Wu^\\H'\uj\'+\A\'\WH\')dii<CRs\ 
Jt, 

where we used theorem 5.4 and lemma 6.9. Finally we estimate the terms 
involving Uq. We start with 

Rl j ul{\VH\''+\u\'\VH\' + H'\AH\^ + \A\^\V^H\^ + H'\A\') d/i 



<CRs'' + cRl I Uo\AH\''diJ + Cr] I ul\V^H\'^dfi 



< 



CRf + CRl f Mg(|i|^ + A + ^'Rc(i/,z/))'d/i 
Jt. 



< CRf + CrjRf, 

where we used lemma 4.8, theorem 5.4 and lemma 6.9. In the third term in 
the second line we can use lemma 6.9 to replace Mq by Mq. Finally, we use 
(6.9) and Theorem 5.4 to get 



{u — uo)uoH'V ,y^^Rc{u, u) d/i 

Jt, 

- ^ / (m - UQ)uoH'^'^^Rc{iy, u) d/i + ra^Rg^ I {u- u^f d/i + 
2 Jt Jt 

Now we use the L^-orthogonality of uq and m — mq to estimate 

3 



CV/ 



3 

< - 
- 2 



y (m — Mo)Mo-ff^*^R-c(z/, v) d/i 

'1 - u^)uoH\^'Rc{v, v) + I?) d/i 



+ 3mRi 



I {u- uo)uo{H^ - ARs^) d/i 
is 

< m^Rf j {u~ uqY d/i + CrjRS^. 
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Combining all these estimates we get 

Sm^Rf j {u- u^f d/i < CRs^{5 + r/ + Rf) 
which finishes the proof of the lemma. □ 

From the proof of the lemma we directly obtain the following 

Corollary 6.11. Let 5 > 0, let T, be a surface as in theorem 5.4 and let 
u G C°°(S). Then we have 

- :^ll^-^oll'^ + ]^(^ + ^ + ^s')lklli^(E)- (6.23) 



{u - uq)WxUq dyu 
Moreover, if u is a solution of W\u = f with 



j (m -Mo)/d/i < SRs^\\u\\l2^^)\\u - Uo\\l2^y:), 



then we have 

\\u-uo\\l2(s) < C{V6 + ^ + Rs^)\\u\\l2(i:). (6.24) 
In the following lemma we prove L^-estimates for the operator W\. 



Lemma 6.12. Let S be as in theorem 5.4- Then we have 
II V'«||i.(E) + i?5l V«||i.(s) < + CR, 



uW\u dfi 



Proof. From (2.15), we get the following expression, after integration by 
parts of the term uAu{\A\'^ + ^'^Rc{u, u)) in {LuY: 

I uWxud^i= [ (An)=^+ A-2|y4p-2^^Rc(i^,z/))|Vu|2 
Jt, Jt. 

+ u^{- \H^\A\'' - \H^^^Rc{u, u) - HV/^Rc{u, v) (5.25) 
+ A|A|2 + |A|^ + 2|Ap^^Rc(z/, v)) 
+ a(M, Vm) + hv^ + vSJ kuA'^SJ^ Aij d/i. 

Here |a(M, Vm) + < Ci^^^lV-up + Ci^^^ti^, where we integrated by parts 
and used lemma 1.1, definition 1.2 and theorem 5.4. In particular we can 
estimate 



|Ve,(''Rc(i/,z/))| < |(Ve/'Rc)(i/,z/) + 2/i,^a;,| 

< |(Vf/'^Rc^)(i/,i/)| +CV^r-^ 



mm 



< |(V^x(,/^Rc^)(p,p)|+Cv/^r-4 

< Cv^^mfn, 



(6.26) 
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where we used the above mentioned theorems, and where is the projec- 
tion onto the (yf^-orthogonal subspace to p. In view of the Gauss equation, 
the Bochner formula [5, Chapter IV, Proposition 4.15] implies that 

[{AuYdfx= I 2|(VM°r+rSc-2^"Rc(z/,z/) + ii/2_|^|2)|V«|2d;,. 
Together with (6.25) this yields 



uWxudp= I 2|(V\)°P + |VmP(-4^^Rc(i^,z/) - A) +MVfcMA^^V^'A 

+ u\- ^H^^'Rc{u, v) - /7V/'Rc(z/, v) + \\A\^ 
+ 2|ylp^^Rc(i^, u)) + a(n, Vn) + hu^ d/i. 

In combination with the estimate |*^Rc(z/, z/) + A| < CR^'^ and the fact that 

- iH^'^'Rciu, u) - i/V/'Rc(i/, u) + \\A\^ + 2|A|2A'^Rc(z/, i/) 
= -fi/^A + 0(i?/) 

we obtain the estimate 

72„.\o||2 I o\IIV7„.ll2 



2||(V'w)°|li2+2A||VM||i. 



< CRs'\\\u\\i2 + C 



uW\u dfi 



C I \u\\Vu\\A\\VA\dfi. 



(6.27) 



To treat the last term, observe that 

/ \u\\Vu\\A\\VA\dfi< [ X\Vu\^ + ^\u\^\A\^\VA\^dp 

< X\\Vu\\l2+CRf\\u\\l^ 
using theorem 4.5, theorem 5.1 and A = 2m/i?| + 0{R^'^). In particular 



\\\/u\\l,<CRf\\u\\l, + CRl 



uW\u d/i 



+ CRT\\u\ 



Note that in view of this estimate (6.25) implies that 



IIAullia < CRrs^Vu\\l2 + CRs^\\u\\l2 + C 
Together with (6.27), we obtain that 



uWxu d/i 



■CRs'Ml^. 



\\VMh + Rt\\^u\\l. <CRt\\u\\l. 



+ CRs 



uW\u dfi 



-CR-Z^ul 
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Prom lemma 4.7 we conclude that in view of theorem 5.4 

\\u\\loo < CRg^WuWli + C\\u\\l2\\V'^u\\l2. 
Inserting this into equation (6.28), we get 
\\V\\\l2 + Rf\\Vu\\l2 

uW\u dyU 



(6.28) 



< CRs^\\u\\l2 + CRs 



- C-R^'^||n||^2 II V^n||£^2. 



(6.29) 



For large enough we can therefore apply the Cauchy-Schwarz inequality 
and absorb the term containing second derivatives to the left. This yields 
the claimed estimate. □ 

With the help of the last two results we are able to show that certain solutions 
of W\u = f are almost constant. 

Lemma 6.13. There exists 6q > such that for all < d < 6o, all surfaces 
S as in theorem 5.4 and all solutions u G C°°(S) of W\u = f with 



y (m - Mo)/d/i < 6Rg^\\u\\L-i{E)\\u - uo\\l2 



we have 

h-%||L-(E) < C{V6 + r]^/^ + Rs^)\uo\. (6.30) 
Proof. We assume that ||?i||L2(E) = 1 and apply corollary 6.11 to get 

\\u - uoWl^j:) < C{\/5 + ^/n + Rg^). 
Moreover, by lemma 6.9, we have that 

\\uo - no|U°°(s) < Cr]^^'^Rg'^. 
Combining these two facts we get 

\\u - Uo\\l\T;) < \\u - Mo||l2(E) + C Rs\\uo - MoiU°=(S) 

< C{V6 + r]'/' + Rs^). 
Using lemma 6.12 (with u replaced by m — uq) we get 



(6.31) 



I V^(m - Mo)IU2(s) < CRs^\\u - mo||l2(e) + cRs 



{u- uo)Wx{u - Mo) dn 



<CRs\S + ^ + R, 



s ^ 
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where we used corollary 6.11 and the assumption of the lemma. Combining 
this with lemma 6.9 we have 

\\V\u - no) Wlhe) < CRs\S + + Rf) 
and therefore, with the help of lemma 4.7 and (6.31), we conclude 

\\u - moIIloo(s) < CRs\V6 + 7/1/' + Rs^). (6.32) 
Next we note that by orthogonality 

< 1 - ||^io||i2 = ||n - Uo\\l2 
and from theorem 6.7, (6.23) and the assumption of the lemma we get 

?6 



R f 

u - uoWli < J ^o)Wx{u - uo) djj, 



< CV6\\u - Mollia + ^Ik - Mo||i2 + C{6 + r] + Rf) 

< l\\u-uo\\l2+C{6 + r] + Rf). 
Hence for 6, rj small enough and Rs large enough we have 

and moreover, by lemma 6.9, this implies that there exists a constant Ci > 
such that 

Ci^Rg^ < \uo\ < ciRg^. 

Inserting this estimate into (6.32) we get 

\\u - mo||l->(e) < C{V6 + y/T] + Rg^)\uo\. 

□ 

Next we show that the above estimates yield the invertibility of the operator 
Wx : C''"(S) ^ C°'"(S). 

Theorem 6.14. There exists 6o > such that for every surface S as in 
theorem 5.4 the operator Wx : C''"(S) C'^'"(S) is invertible for every 
< a < 1. Its inverse W^^ : C'''"(S) C''"(S) exists and is continuous. 
Moreover it satisfies the estimates 

||W^a"V||l2(e) < ^||/||l2(s) for every f e L\T.) and (6.33) 
||W^a"V||co,^(E) < ^||/||c4,.(E) for every f G C''°(S). (6.34) 
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Proof. We argue by contradiction as in [14]. Namely we assume that there 
exists a smooth function u with ||^^||l2(-2) = 1 and 



sup 

I!^IIl2(e)=i 



vW\u dfj, 



< SoRs . 



(6.35) 



Choosing v = u — uo, we conclude from lemma 6.13 that uq ^ and therefore 
we can assume without loss of generality that uq > 0. Again from lemma 
6.13 we then conclude that for So, r) small and Rs large enough we have for 
every x G S that ^ < u{x) < 2uq. Arguing as in the proof of lemma 6.13 
we get \ < ||mo||l2(s) < 1 and, with the help of lemma 6.9, this implies 



|^^o||l2{e) S Uo 



■"01^2(2) 



Moreover, by choosing f = 1 in (6.35), we get 



< 6oRfm^/^ < C6oRs^. 



(6.36) 



On the other hand, by using (2.15) and the corresponding equation for the 
XL term, we get 

J Wxudi2 = J n(^|A|^ + 2|A|2*^Rc(z/, u) + C'Rc{u, iy)f 

+ A(|A|2 + ^'Rc{u, z/)) + A(|A|2 + *-^Rc(z/, u)) + \VH\^ 
+ 2uo{VH) + H^H + 2{V'^H, A) + 2H'^\A\^ + 2H{A, T) 
- /JV/'Rc(i/, u) - \H^\A\^ - iH^'^'Rciu, u)) d/x. 



2 I I 2 

Now we calculate 

\A\WA\^ + 2^'Rc(i/, z/) + A) - i/V,'^Rc(z/, u) - {\A\^ + *''Rc(z/, u)) 



|i72A^Rc(z/, ij) + 0{Rl 



Moreover we estimate || A74||2,2(s) as in the proof of lemma 4.10, and using 
lemma 4.8 



nA|Apd/i 



u^{\A\^ + \H^)d^ 



< 



uHAHdfi 



+ CRq ^ CRi 



Now we integrate by parts and use proposition 4.6 and lemma 6.12 to con- 
clude 



/ mA^^Rc(i/, z/) d/i 



< CRg'^WWul 



L2(E) 



< CR 



S ' 
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where we used in the last step that | Jj,uWxudfi\ < SqE^^, which follows 
from (6.35). We combine these estimates with the ones done previously in 
this section, (6.36) and theorem 5.4 to conclude 



Jt, Jt. 
The estimates uq < 2u and 4^ < 2Rs imply 

2mRf ! H^dfi<- I H^^'^Rc{u, u) d/i + CR 
Jt. Jt. 



2uo 
< CRg^. 



uH^^'Rc{p, u) d/i + CRl 



This contradicts the estimate for d/i in lemma 3.3. Hence the operator 

Wx is injective. By the Fredholm alternative Wx is also surjective. The rest 
of the statements in the theorem are then a consequence of standard elliptic 
theory. □ 



7 Existence and Uniqueness of the Foliation 

In this last section we use the implicit function theorem to prove theorem 
0.1 and theorem 0.2. 

7.1 Uniqueness in Schwarzschild 

In this subsection we show that in Schwarzschild the only surfaces satisfying 
the assumptions of theorem 5.1 are the round spheres with center at the 
origin. 

Theorem 7.1. For all m > there exist ro < oo , tq > and e > with the 
following properties. 

Assume that {M,g) = (IR'^,^'^) and let T, be a surface satisfying (0.1) with 

H > 0, X > 0, rjnin > ^0 (I'lT'd 

r < To and Re < er"^^^, 
where Re and r are as in section 4- Then S = Sr^{0). 

Proof. Since {M,g) = {M.^,g^) we can apply proposition 4.1, theorem 5.1 
and theorem 5.4 with 77 = to get r = 0, A = 0, and A = Since A = 0, 
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we ^et that S is umbilical with respect to the Euclidean background metric, 
as = (j)~'^A'^. Hence S is a sphere. Since r = in fact S = Sr^{0) where 
Re = 4>~^Rs-i or otherwise the expression for A could not be true. □ 



7.2 Existence and uniqueness for the general case 

The main goal in this subsection is to show that for any manifold which is 
(m, ?7, (j)-asymptotically Schwarzschild and all small enough Lagrange mul- 
tipliers A there exists a unique surface Sa which solves the equation (0.1). 
More precisely we have the following theorem. 

Theorem 7.2. For all m > and a there exist ?7o > 0, Aq > and C 

depending only on m and a with the following properties. 

If (M, g) is (m, rj, a) -asymptotically Schwarzschild and satisfies 



then for all < X < Xq there exists a surface J^x which solves (0.1) for the 
given X. Moreover the surface is well approximated in the C^-norm by a 
coordinate sphere Sr;^{ax) with \ax\ < C. 

Proof. We define gr = {1 — T)g^ + rg and we note that (M, g-r) is (m, ?], a)- 
asymptotically Schwarzschild. For (M, g^) a standard calculation shows that 
all spheres S'r.(O) centered at the origin solve equation (0.1) with 



This function is invertible for r large enough. Moreover this shows that we 
can solve equation (0.1) in {M,g^) for any A small enough. More precisely, 
for any small A there exists a radius r(A) such that S',.(a)(0) solves (0.1) with 
the given A. Next we want to use the implicit function theorem to get the 
existence of a family of such solutions for all < r < 1. 

In order to do this we consider the following conditions on our surfaces 



(1) rSc| < r]r 



^ and 



(2) r] < 7/0 




(Al) H>0 



(A2) r < To and 



(A3) Re < erl 



min' 
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where Tq and e are chosen such that we can apply the resuhs from section 5. 
From these results we then get that the above conditions hold with better 
constants on surfaces E with rmin > ^'o 

(Bl) \H - 2Rf + (1 + ^j2mRf\ < C^t'I, 
(B2) r < C^r^l and 
(B3) C-V„i„ < i?e < Cr^in. 

Without loss of generality we can furthermore assume that the conditions 
(B1)-(B3) imply that the linearized operator Wx is invertible. From (5.21) 
we also get that E is globally a graph over S'^. 

Now we define the sets 

5'^(r)={S| r„iin > '^o and (Al) - (v43) hold w.r.t. g^} 
S2{t) ={S| r^in > 2ro and (Bl) - (53) hold w.r.t. gr}. 

We choose A2 so small that the centered spheres 5*^(0) which solve (0.1) with 
< A < A2 are in 5*2 (r). Finally (for Ai small) we let 

k: [0,1] ^(0,Ai) X [0,1] 
«:(t)=(A(t),r(t)) 

be a continuous, piecewise smooth curve with r(0) = and we define 

I^ = {te [0, 1]|3 S(t) G 52(r(t)) satisfying (0.1) with A = A(t)}. 

As in [14] we can show that is open and closed and since moreover G 
by our assumption we get 1^ = [0, 1] and this finishes the proof of the 
Theorem. □ 

By reversing the process used in the above theorem as in the proof of theorem 
6.5 in [14] we furthermore get a uniqueness result for solutions of (0.1). 

Theorem 7.3. Let m > and a be given. Then there exist tjq > 0, tq, 
Vq < 00, and e > depending only on m and a such that the following 
holds. 

Assume that {M,g) is {m, a, t])- asymptotically Schwarzschild with 

(1) |*^Sc| < ^/r-^ and 

(2) 7] < 7]o. 
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Furthermore, let T, be a surface with approximating sphere Sr^{ax) as in 
section 4, such that 

(3) T, satisfies equation (0.1), 

(4) H>0, 

(5) rmin > To, and rx < er^jn, 

(6) Tx = rx/ax < tq, 

then E = Sa, where Ea is the surface from theorem 7.2. 

□ 

7.3 Foliation 

Next we show that the surfaces obtained in theorem 7.2 form a fohation. 

Theorem 7.4. For all m > and a there exists tjq > depending only on 
m and a with the following properties. 

If{M,g) is {m,ri, a) -asymptotically Schwarzschild and satisfies 

(1) I^^ScI < and 

(2) 7]<7]Q 

then for all < \ < Xq the surfaces Sa constructed in theorem 7.2 form a 
foliation. In addition, there is a differentiable map 

F:S^x (0, Ao) X [0, 1] ^ M 

such that the surfaces FlS"^, X,t) satisfy (0.1) with respect to the metric 
gr = (1 — T)g^ + rg for the given X. This foliation can therefore be obtained 
by deforming a piece of the foliation of (M.^,g^) by centered spheres. 

Proof. The proof follows along the same lines as the one given in [14, The- 
orem 6.4]. Therefore we only sketch the main ideas of the argument. 

For < A < Ao we consider the curve Kx{t) = (A,t) and by using theorem 
7.2 we obtain a family of surfaces Tix,t which solve (0.1) for the given A. 

The map F can now be defined by -^(5^, X,t) = T,x,t where we can choose 
the parametrization of Sa,* such that ^ _L Sa,*. The differentiability of F 
with respect to p E S"^ and r follows from the construction of T,x^f 
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It remains to prove that the surfaces form a fohation. In order to show 
this we fix Ai G (0, Aq) and we get from the above construction a surface 
Sai,i. For A2 < Ai we define the curve h\^{t) = ((1 — t)Ai + tA2,l). By 
combining the curves and hx^ we get a family of surfaces ^'x(t) 1 which 
solve (0.1) with X{t) = (1 - t)Ai + tX2 for t G [0,1]. Moreover we get a 
differentiable map G : x [A2, Ai] M such that G{S'^,X{t)) = ^'x^i^i- 
From the local uniqueness statement in the implicit function theorem we get 



that S' 



A{t),l 



-A(t),l 



AW- 



Now we let h'x{t) be the normal to ^x{t) in M and we let ax{t) = g{i^x{t), 
We calculate 

HiXi -X2) = j^{-AH- H\A\' - i7^Rc(z/, u)) - X{t)^H 



dt 



Wx(t)ax{t)i>^i - A2). 



Next we claim that 



J {ax(t) - {ax(t))o)H dfi < 



||aA(i)IU2(E)||Q;A(i) - (Q;o)A(t)||L2(s)- 



(7.1) 



If we assume that this claim is true we see that for 77 small enough we can 
apply lemma 6.13 and get that ax{t) does not change sign. Therefore the 
family ^x{t) is a foliation. 

In order to prove (7.1) we let Wx{t) = ^x, « = «A(t) and we note that we 
can argue as in the proof of theorem 6.14 to get 



< CR 
+ C 



[ aH^^^Rc{u, v) d/i 
is 

aA(|A|2 + ^^Rc(i/, I/)) d/i 



Using theorem 5.4 we get 



f aH^^'Rc{u, v) d/i 



\a\ d/i + CR^^ 



\a\ d/i. 



Moreover, using integration by parts, theorem 5.4, lemma 6.12 and (6.26) 
we estimate 



/ aA(|Ap + *^Rc(z/, z/))d/i 



<C^Rs'\\Va\\m^) 
<C^{Rs'\\a\\L2^j,)+R-'/'\ 



a 



1 1/2 N 
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Putting these estimates together we conclude 



Wxa d/i 



+ CiRf\\a\\L2(^^)+R-'^'\\a\\'/,' 



On the other hand we have, using again theorem 5.4, 



Hdfi 



(7.2) 



>C2Rs-CRs\ (7.3) 

Combining the two estimates we get 

C2R% - CRl < Ci||a|U2(s) + C(i?^i«|U2(s) + rTM^j^^^^^). 

From this estimate we easily see that there exists a constant C3 > such 
that for Rs large enough we have 



(7.4) 



Using Holder's inequality we get 



/ (a - ao)HdiJ, < \\H - i^o||L2(s)||« - ao||L2(E) 



and hence, combing this with (7.4), we see that (7.1) will be a consequence 
of the estimate 



H-Ho\\LHE)<Crj'^'Rs'- 



(7.5) 



We note that 

LH = {X- ^H^)H = fioH + (A - ^H^ - fio)H 

and therefore we can estimate 
J^HLHd^i 



< 1^0 + Cy/rjr. 



4 

mill' 



where the first inequality follows from the Rayleigh quotient characterization 
of the eigenvalues of L and the second inequality follows from the above 
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estimate and lemma 6.8. Next we decompose H = '^,.{H,ipi)ipi and we 
calculate 

k d^^ d/i 
Hence we get 



-4 

mill" 



0<5^(/i.-Aio) / H^dii<C^rl 
For every i G N we have (/Xj — /xq) > 2i?^^ (see corollary 6.4) and therefore 

oo „ 

||i/-i/o|li.(E)<Ci?|5^(/i.-/io) / H^dii<C^rl 

i=i 



-2 

min' 



which finishes the proof of (7.5) and therewith also the proof of the theorem. 

□ 



A Maple scripts for the calculations 

For the explicit calculations in the proof of Proposition 4.2, in section 5.3 
and in section 5.5 we used Maple [12] to evaluate certain integrals. Here we 
present the scripts we used. 

A.l Proposition 4.2 

Here it is necessary to evaluate the integral 

^ /"/I ^9 1 ^1 .COS 09 , ,^COS^09\ , „ /. X 

Ei:= / - - ml- - 6R,\ae\^ - 3\a,\^^^ dfx' (A.l) 

J g 'i.'y i^'-J lyO lyO J 

where S = Sf{^{ae) is a fixed sphere with center a and radius Re- The 
calculation is based on the formula 



Ci:= I ^d/i^ = ^(2i?e|ae|)-' r^^^\'-Hr'-Rl-\ae\'ydr. 



\CLp 



|-Re-|ae|| 



which was derived in the proof of proposition 4.2. Hence equation (A.l) can 
be written as 

El = C3 — 3i?gC5 — 6i?e|ae|C5 — Sjael^Cg. 

This is evaluated using the following Maple script. 
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assume (R>0, a>0, R>a) ; 

c0r3 := 2*PI*R/a *(2*R*a)~(0) 

* intCr" (-2)*(r"2 - R"2 - a"2 ) " (0) ,r=R-a. .R+a) ; 
c0r5 := 2*PI*R/a *(2*R*a)~(0) 

* int(r" (-4)*(r"2 - R"2 - a"2) " (0) ,r=R-a. .R+a) ; 
clr5 := 2*PI*R/a * (2*R*a) " (-1) 

* iiit(r"(-4)*(r"2 - R"2 - a~2 )"(1), r=R-a..R+a); 
c2r5 := 2*PI*R/a * (2*R*a) ~ (-2) 

* int(r"(-4)*(r"2 - R"2 - a"2 )"(2), r=R-a..R+a); 
El := c0r3 -3*R"2*c0r5 - 6*R*a*clr5 - 3*a"2*c2r5; 
simplify (°/o) ; 

where we used R to denote Re-, a to denote \ae\ and clrk to denote C\. 
A. 2 Section 5.3 

In section 5.3 the integral to evaluate was 

This is evaluated by the script 

assume (R>0, a>0, R>a) ; 

clr3 := 2*PI*R/a * (2*R*a) ~ (-1) 

* int(r" (-2)*(r"2 - R"2 - a"2 ) " (1) ,r=R-a. .R+a) ; 
E2 := clr3; 

simplify (%) ; 

A. 3 Section 5.5 

The longest calculation is for the term 

g := ^ (i?e^ + |ae|^ - W\Rl^s - {Rl + 2|aepi?e)^ 

- (|a,|3 + 2\aMr-^ - laefRe'-^) d/x^ 

from section 5.5, where we omit certain fixed factors here. The following 
script evaluates this expression. 

assume (R>0, a>0, R>a) ; 
clr6:=2*PI*R/a *(2*R*a)~(-l) 

* int(r"(-5)*(r"2 - R"2 - a"2) " (1) ,r=R-a. .R+a) ; 
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c2r6 


=2*pi*R/a *(2*R*a)~ 


(-2) 




















- - 




2 


) - 


f2) r= 


=R- 


"3. . 


.R+a) 


c0r8 


=2*PI*R/a *('2*R*a")" 


(0) 


















* i nt f f-7~) * f r"9 


- p^"2 - 




2 


/ 


CO) r= 


=R- 

11. 


"3. . 


. Ill * CL / 


clr8 


=2*PI*R/a *(2*R*a)" 


(-1) 


















* int(r"(-7)*(r"2 


- R-2 - 


a' 


2 


)- 


(l),r= 


=R- 


-a. 


.R+a) 


c2r8 


=2*PI*R/a *(2*R*a)" 


(-2) 


















* int(r~(-7)*(r~2 


- R-2 - 


a' 


2 


)- 


(2),r= 


=R- 


-a. 


.R+a) 


c3r8 


=2*PI*R/a *(2*R*a)'' 


(-3) 


















* int(r"(-7)*(r~2 


- R-2 - 


a' 


2 


)- 


(3),r= 


=R- 


-a. 


.R+a) 



Q := R * clr6 + a * c2r6 - a*R-2*c0r8 - (R-3 + 2*a-2*R) *clr8 

- (2*a*R-2 + a-3) *c2r8 - a-2 * R * c3r8) ; 
subs(a = tau * R, Q) ; 
simplify (°/„) ; 

References 

[1] M. Bauer and E. Kuwert. Existence of minimizing Willmore surfaces of 
prescribed genus. Int. Math. Res. Not., (10):553~576, 2003. 

[2] D. Christodoulou and S.-T. Yau. Some remarks on the quasi-local mass. In 
Mathematics and general relativity (Santa Cruz, CA, 1986), volume 71 of 
Contemp. Math., pages 9-14. Amer. Math. Soc, Providence, RI, 1988. 

[3] C. De Lellis and S. Miiller. Optimal rigidity estimates for nearly umbilical 
surfaces. J. Differential Geom., 69(1):75-110, 2005. 

[4] C. De Lellis and S. Miiller. A estimate for nearly umbilical surfaces. Calc. 
Var. Partial Differential Equations, 26(3):283-296, 2006. 

[5] S. Gallot, D. Hulin, and J. Lafontaine. Riemannian Geometry. Springer, 
Berlin, Heidelberg, New York, 2nd edition, 1993. 

[6] L.-H. Huang. Foliations by stable spheres with constant mean curvature for 
isolated systems with general asymptotics, 2008. 

[7] G. Huisken. An isoperimetric concept for the mass in general relativity. 
Oberwolfach Reports, 3(3): 1898-1899, 2006. 

[8] G. Huisken and A. Polden. Geometric evolution equations for hypersurfaces. 
In Galculus of variations and geometric evolution problems (Cetraro, 1996), 
volume 1713 of Lecture Notes in Math., pages 45-84. Springer, Berlin, 1999. 

[9] G. Huisken and S.-T. Yau. Definition of center of mass for isolated physical 
systems and unique foliations by stable spheres with constant mean curva- 
ture. Invent. Math., 124(1-3):281-311, 1996. 



73 



[10] E. Kuwert and R. Schatzle. The Willmore flow with small initial energy. J. 
Differential Geom., 57(3):409-441, 2001. 

[11] E. Kuwert and R. Schatzle. Gradient flow for the Willmore functional. Comm. 
Anal. Geom., 10(2):307-339, 2002. 

[12] MapleSoft. Maple, http://www.maplesoft.com. 

[13] R. Mazzeo and F. Pacard. Constant curvature foliations on asymptotically 
hyperbolic spaces, 2007. 

[14] J. Metzger. Foliations of asymptotically flat 3- manifolds by 2-surfaces of 
prescribed mean curvature. J. Differential Geom., 77:201-236, 2007. 

[15] J. H. Michael and L. M. Simon. Sobolev and mean-value inequalities on 
generalized sub manifolds of M". Gomm. Pure Appl. Math., 26:361-379, 1973. 

[16] A. Neves and G. Tian. Existence and uniqueness of constant mean curvature 
foliation of asymptotically hyperbolic 3-manifolds, 2006. 

[17] A. Neves and G. Tian. Existence and uniqueness of constant mean curvature 
foliation of asymptotically hyperbolic 3-manifolds II, 2007. 

[18] J. Qing and G. Tian. On the uniqueness of the foliation of spheres of constant 
mean curvature in asymptotically flat 3-manifolds. J. Amer. Math. Soc., 
20(4):1091-1110, 2007. 

[19] R. Schoen. The existence of weak solutions with prescribed singular behav- 
ior for a conformally invariant scalar equation. Gomm. Pure Appl. Math., 
41(3):317-392, 1988. 

[20] R. Schoen and S.-T. Yau. Lectures on Differential Geometry. Conference 
Proceedings and Lecture Notes in Geometry and Topology. International 
Press, Boston, 1994. 

[21] L. Simon. Existence of surfaces minimizing the Willmore functional. Gomm. 
Anal. Geom., l(2):281-326, 1993. 

[22] J. Simons. Minimal varieties in Riemannian manifolds. Ann. of Math. (2), 
88:62-105, 1968. 

[23] J. L. Weiner. On a problem of Chen, Willmore, et al. Indiana Univ. Math. 
J., 27(l):19-35, 1978. 

[24] R. Ye. Foliation by constant mean curvature spheres on asymptotically flat 
manifolds. In Geometric analysis and the calculus of variations, pages 369- 
383. Int. Press, Cambridge, MA, 1996. 



74 



